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11 Introdu
tionConsider some s
alar partial di�erential equation (PDE) in a bounded, polyhedral domain
 � R d, d = 3 or d = 2. For solving su
h PDEs, �nite element 
omputations are nowadayswidespread in numeri
al simulation. The �nite element method (FEM) employs a familyF of triangulations T whi
h 
onsist of elements T . In the setting here, we 
onsider tetra-hedra in the three dimensional (3D) 
ase, and triangles in the two dimensional (2D) 
ase.The exa
t solution of the PDE is denoted by u; the �nite element approximation usingpie
ewise linear ansatz fun
tions is denoted by uh. Other elements (like re
tangles) yieldsimilar results. All 
onsiderations (apart from se
tion 5) are valid for the 3D and 2D 
ase.Therefore, in most of the analysis the 3D formulas are given; the 2D 
ounterparts 
an thenbe derived easily.In numeri
al �nite element simulations one 
ommonly wants to apply adaptive algo-rithms that automati
ally solve the problem up to a given a

ura
y. The general stru
tureof su
h an adaptive algorithm is:0. Start with an initial mesh T0.1. Solve the 
orresponding dis
rete system.2. Compute the lo
al a posteriori error estimator for ea
h element T of the mesh.3. When the estimated global error is small enough then stop.Otherwise obtain information for a new, better mesh, namely the element size (as afun
tion over 
).4. Based on this information, 
onstru
t a new mesh or perform a mesh re�nement, andre-iterate.Ea
h of these points has attra
ted mu
h attention by numerous s
ientists. Nevertheless itmay seem surprising that only re
ently algorithms have have been proposed that 
an beproven to 
onverge, see [D�or96℄ and [MNS99℄. This 
onvin
ingly illustrates the diÆ
ultieswhen analysing an adaptive algorithm as a whole. These limitations of the present knowl-edge should be kept in mind when we dis
uss a 
ertain variant of an adaptive algorithmbelow.The framework of this paper is given by a parti
ular 
lass of problems. Namely we
onsider PDEs that give rise to solutions with strong dire
tional features. These so{
alledanisotropi
 solutions show mu
h variation in one spa
e dire
tion but little 
hange in otherdire
tions. Typi
al examples in
lude boundary and interior layers, or edge singularities in3D domains (
f. se
tion 6 for both 
ases).It is easily 
on
eivable that an anisotropi
 solution 
an be advantageously approximatedby a �nite element method that employs a so{
alled anisotropi
 mesh. That is, su
h a mesh
onsists of stret
hed elements; the stret
hing ratio of the elements (also known as aspe
tratio) 
an be very large or even unbounded. Implementational and analyti
al aspe
ts ofanisotropi
 solutions and meshes are given in more detail e.g. in [BK94, FLR96, KR90,No
95, PVMZ87, Ra
93, RGK93, Sie96, Sim94, VH96, ZW94℄ or in Kunert [Kun99a℄ andthe literature 
ited therein.



2 1 INTRODUCTIONThe main interest here 
onsists in the link between anisotropi
 solutions/meshes andan adaptive algorithm. An anisotropi
 adaptive algorithm is now obviously di�erent to theisotropi
 version. In parti
ular the information extra
tion of step 3 
hanges to3. When the estimated global error is small enough then stop.Otherwise obtain information for a new, better mesh. This in
ludes:� Dete
t regions of anisotropi
 behaviour of the solution.� Determine a (quasi) optimal stret
hing dire
tion and stret
hing ratio of the�nite elements in those regions.� Determine the element size.The remeshing algorithm (step 4) also be
omes more diÆ
ult. Furthermore the error esti-mation part (step 2) requires reinvestigation too although this is not immediately evident.The reason is that the 
ommon error estimators for isotropi
 meshes fail, or their proofsare no longer valid sin
e the aspe
t ratio 
an be unbounded. We may stress here thatvery few a posteriori error estimators for anisotropi
 meshes are known that are rigorouslyanalysed and proven [Sie96, Kun99a, Kun99b, KV99, DGP99℄. In other papers more orless 
onvin
ing heuristi
 arguments are given.Considering the whole adaptive algorithm, it is a quite natural desire that the errorestimation (step 2) should provide all ne
essary information for step 3, in parti
ular the(quasi) optimal element size, the stret
hing dire
tions and the stret
hing ratio. The �rstinformation (element sizes) 
an be easily extra
ted sin
e it is dire
tly related to the valueof the lo
al error estimators. For the stret
hing dire
tions and the stret
hing ratio thesituation is di�erent. Up to now, no error estimator 
an provide these information.1 Onthe 
ontrary, stret
hing dire
tion and ratio are usually obtained by heuristi
 methods and
onstru
tions. The most popular approa
hes are:� Hessian strategy: Approximate the Hessian D2u and perform a spe
tral analysis(also known as prin
ipal axes transformation). The eigenve
tors tell the stret
hingdire
tions; the eigenvalues give the aspe
t ratio. See [CHM95, PVMZ87, RGK93,Sim94, ZW94℄ for a more detailed des
ription.� Level lines: The level lines (or 
ontour lines) provide a vivid pi
ture of the aniso-tropy of the fun
tion, and thus of the stret
hing dire
tion. The numeri
al realizationgoes ba
k to Kornhuber and Roitzs
h [KR90℄.� Gradient jump: The gradient jump of 
ertain values give some indi
ation in whi
hdire
tion the elements should be stret
hed, see [BK94, Ra
93, Sie96℄.1In Siebert [Sie96℄ a lo
al 
ondition o

urs whi
h serves as a 
ertain kind of `dire
tion indi
ator' (forre
tangular elements). By a re�ned analysis and a slight modi�
ation of the error estimator, the lo
al
ondition 
an be omitted (whilst preserving all other favourite properties, 
f. [Kun99a, Remark 3.6℄).Thus, the `dire
tion indi
ation' is purely due to an insuÆ
ient analysis and does not really provide theinformation desired.



3In this work we will shed some light onto theHessian strategy. Based on few heuristi
assumptions, this strategy is quite 
onvin
ing and produ
es useful anisotropi
 meshes (orat least the underlying information). Here, however, we do not investigate the quality ofthe mesh 
onstru
tion but show that the meshes produ
ed are suitable for anisotropi
 errorestimation. For a pre
ise understanding we have to quote this anisotropi
 error estimation�rst.In Kunert [Kun99a℄ several lo
al error estimators have been derived and analysed.Three of them �t into the 
ontext of this work:� the residual error estimator �R;T for the Poisson equation ��u = f ,� the lo
al problem error estimator �D;T for the Poisson equation ��u = f ,� the residual error estimator �";R;T for a singularly perturbed rea
tion di�usion modelproblem �"�u + u = f , with "� 1.The error bounds below have been derived and proven in [Kun99a℄ too.Lemma 1 The error is bounded lo
ally from below for all T 2 T by�T . jjju� uhjjj!T + �T : (1)The error is bounded globally from above byjjju� uhjjj
 . m1(u� uh; T ) � "XT2T �2T + XT2T �2T#1=2 : (2)The meaning of the terms is as follows:� The term �T is one of the aforementioned lo
al error estimators �R;T , �D;T or �";R;T .� The norms jjju� uhjjj
 or jjju� uhjjj!T denote the energy norm over the whole domain
 or the domain !T , respe
tively, where !T 
onsists of the element (tetrahedron) Tand its (generally) four fa
e neighbours.� The fa
tor m1(u � uh; T ) is the so{
alled mat
hing fun
tion; its presen
e is dueto the anisotropi
 mesh. Its pre
ise de�nition is given in the next se
tion whereasexplanatory remarks 
an be found below.� The term �T is related to some data approximation. Generally its in
uen
e is ne-gle
table; hen
e this term is not investigated here.� The notation x . y or x � y is a shorthand for x � 
 � y or 
1x � y � 
2x,respe
tively (with 
onstants independent of x, y, and T ).We may stress here that our analysis is quite general: it relates to all those error estimatorsand all PDEs that allow an upper error bound (2) 
ontaining a fa
tor m1(u� uh; T ) .In our work here we are not primarily interested (and do not require) the details and themethodology of anisotropi
 error estimation; for that purpose [Kun99a℄ and the 
itationstherein are mu
h better sour
es. Instead, we fo
us on the mat
hing fun
tion m1(u�uh; T )



4 1 INTRODUCTIONwhi
h will be de�ned in the next se
tion. Roughly speaking, the mat
hing fun
tion will bem1 � 1 for isotropi
 meshes as well as for anisotropi
 meshes whi
h are suitably alignedwith the anisotropi
 solution. For inappropriate anisotropi
 meshes m1 
an be large oreven unbounded [Kun99a℄. Hen
e the mat
hing fun
tion heavily in
uen
es the quality ofthe upper bound (2).Up to now, the mat
hing fun
tion has been ne
essary to des
ribe the anisotropi
 errorestimators of [Kun99a℄ properly. Yet this mat
hing fun
tion seemed somewhat exoti
,partly be
ause it does not o

ur in isotropi
 error estimation2. This paper now in
reasesthe understanding of the mat
hing fun
tion by showing that there are strong links to theHessian strategy.Let us now 
onsider the relation between the anisotropi
 solution and the anisotropi
mesh in more detail. Apparently, all anisotropi
 error estimators require that the aniso-tropi
 mesh 
orresponds in some way with the anisotropi
 fun
tion. Heuristi
ally, onewould stret
h an element in that dire
tion where the anisotropi
 fun
tion (or, more pre-
isely, its derivative) shows little 
hange. Mathemati
ally, Siebert [Sie96℄ restri
ts the setof treatable anisotropi
 fun
tions, and Kunert [Kun99a, Kun99b℄ introdu
es the mat
hingfun
tion m1(v; T ) that measures the 
orresponden
e between an anisotropi
 fun
tion vand an anisotropi
 mesh T . Lastly, in [DGP99℄ a saturation assumption is ne
essary thatimplies a similar 
orresponden
e.Despite these di�erent des
riptions, the known results strongly indi
ate that an an-isotropi
 mesh has to 
orrespond to the anisotropi
 fun
tion in order to obtain reliableand eÆ
ient error bounds. In the 
ontext of the error estimate (2) this means that themat
hing fun
tion is really ne
essary there (i.e. it is not due to an insuÆ
ient analysis).We remark that the mat
hing fun
tion m1(u � uh; T ) involves the unknown erroru� uh. Therefore it 
an not be 
omputed exa
tly, but it 
an be approximated suÆ
ientlywell, 
f. [Kun99a, Kun99b℄.From the de�nition of m1 in the next se
tion it follows that always m1 > 1. Lemma 1on the other hand implies that m1(u� uh; T ) . 1 is ne
essary (with a small 
) to obtaintight upper and lower error bounds, and thus reliability and eÆ
ien
y of the error estima-tion. Now we 
an formulate our main result:With only few heuristi
 assumptions we show that a mesh 
onstru
ted via theHessian strategy implies a small mat
hing fun
tion, i.e. m1(u� uh; T ) . 1 .As a side e�e
t we strive to put the heuristi
 assumptions into a stringent mathemati
alformulation to provide the basis for further analysis (even if this is not possible yet).At this point a brief summary may additionally improve the understanding. Originally,the Hessian strategy has been developed to produ
e anisotropi
 meshes (or, equivalently,the underlying information). Here, however, we show that the Hessian strategy also impliesthat the mat
hing fun
tion m1(u � uh; T ) is bounded, thus providing tight upper and2More pre
isely, m1 � 1 there, and it merges with other 
onstants.



5lower error bounds. Simultaneously, the mat
hing fun
tion is a useful tool to assess the(anisotropi
) mesh quality.The remainder of the paper is organized as follows. In se
tion 2 some notation isintrodu
ed. The Hessian strategy is presented in se
tion 3. In se
tion 4 it is shown thatthe Hessian strategy implies a bounded m1(u�uh; T ) . The opposite way we go in se
tion 5:it is shown (in the 2D 
ase) that the Hessian strategy is also a 
onsequen
e of a boundedmat
hing fun
tion m1. The di�eren
es of both results are depi
ted in the table below:Se
tion 4: 2D and 3D 
ase.Few heuristi
 assumptions. Hessian strategy ) m1(u� uh; T ) . 1Se
tion 5: 2D 
ase only.More heuristi
 assumptions. m1(u� uh; T ) . 1 ) Hessian strategyThis slightly 
onfusing situation is 
aused by the fa
t that originally one wants to obtainthe result of se
tion 5. This, however, 
an only be a
hieved under rather severe heuristi
assumptions. With less assumptions and in a mathemati
ally rigerous manner the resultof se
tion 4 is derived. This result is not as far{rea
hing as that of se
tion 5 but still animportant improvement.Finally, some numeri
al experiments and the summary �nish o� this paper in se
tions 6and 7.2 NotationIn the following, let Pk(!) be the spa
e of polynomials of order k or less over some domain! � R d. The L2 norm of a fun
tion over a domain ! is denoted by k � k!, and for ! = 
the subs
ript is omitted. Let jT j be understood as measd(T ). With Hk(!) we denotethe standard Sobolev spa
e of fun
tions whose k{th derivative is in L2(!). This spa
e isequipped with the usual norm.Let us start with the des
ription of the 3D 
ase. For an arbitrary tetrahedron T 2 T ,its four verti
es are denoted by P0; P1; P2; P3 su
h that P0P1 is the longest edge of T ,meas2(4P0P1P2) � meas2(4P0P1P3), and meas1(P1P2) � meas1(P0P2). To des
ribe thetetrahedron appropriately we de�ne 
hara
teristi
 dire
tions and lengths.� The dire
tions are indi
ated by three pairwise orthonormal ve
tors pi;T , 
f. �gure 1.Sin
e we are only interested in the dire
tions, the ve
tors pi;T shall be s
aled su
hthat jpi;T j = 1. When unambiguous, the subs
ript T is omitted.� The lengths are the dimensions of T along the dire
tions pi;T , i.e.h1;T := meas1(P0P1)h2;T := 2meas2(4P0P1P2) = meas1(P0P1)h3;T := 3meas3(T ) = meas2(4P0P1P2).Observe h1;T > h2;T � h3;T and sethmin;T := h3;T .



6 2 NOTATION
P0 P1P2P3

h1;T � p1h2;T � p2h3;T � p3
Figure 1: Notation of tetrahedron TIn the 2D 
ase the notation is almost the same. There the triangle has the verti
esP0; P1; P2; the dire
tions p1;T , p2;T and lengths h1;T > h2;T are de�ned in a similar fashion.Here one sets hmin;T := h2;T .In the analysis, derivatives of some fun
tions play an important role. The so{
alledHessian is the matrix of the se
ond{order derivatives, denoted byD2u := ��xi�xju�di;j=1where �xiv is the partial �rst{order derivative.When analysing the anisotropi
 error estimates, 
ertain dire
tional derivatives 
an befavourably employed, 
f. [Kun99a℄. For arbitrary dire
tions (ve
tors) l1; l2 we thus de�nethe �rst{order dire
tional derivative by�l1u := jl1j�1 � l>1ru � jl1j�1 � (ru; l1) � �u=�l1 ;and the se
ond{order dire
tional derivative by�2l1l2u := jl1j�1jl2j�1 � l>1 D2u l2 � jl1j�1jl2j�1 � (D2u l1; l2) � �2u=�l1�l2 ;where jlij denotes the length of the ve
tor and (�; �) is the usual Eu
lidean s
alar produ
t.In the Hessian strategy whi
h is des
ribed in the next se
tion the Hessian D2u naturallyis of great importan
e. However in real appli
ations D2u is not known sin
e it involves theexa
t solution u. Hen
e a so{
alled approximate HessianD2;huh � D2uhas to be 
omputed from the known approximate solution uh. This 
an be a
hieved via are
overed gradient, for example. Here we do not dis
uss this question but assume insteadthat a symmetri
 and suÆ
iently good approximation D2;huh is provided. In se
tions 4.2and 4.4 we explain what `suÆ
iently good' means.For the approximate Hessian we want to utilize the equivalent of the dire
tional deriva-tives and therefore de�ne�2;hl1l2uh := jl1j�1jl2j�1 � l>1 D2;huh l2 � jl1j�1jl2j�1 � (D2;huh l1; l2) :



7With the help of the dire
tional derivatives we 
an now present the mat
hing fun
tion:
m1(v; T ) := 2666664XT2T 3Xi=1 h2i;Th2min;T � k�pivk2TXT2T 3Xi=1 k�pivk2T

37777751=2 (3)(re
all that pi � pi;T are the dire
tions of the element T ). The lower bound m1 > 1 isobvious.3 The Hessian strategyThe Hessian strategy has been known for quite a long time, see e.g. [CHM95, PVMZ87,RGK93, Sim94, ZW94℄. For a given anisotropi
 fun
tion it provides the des
ription of asuitable anisotropi
 mesh for that fun
tion (in terms of stret
hing dire
tion and ratio ofthe elements). A simple, heuristi
ally 
onvin
ing and straight{forward motivation is asfollows.Motivation (2D 
ase): Consider a single triangle T and an arbitrary quadrati
fun
tion v. Minimize the interpolation error in the H1 seminorm kr(v � ILv)kT over all(right{angled) triangles T with pres
ribed area jT j. Here ILv 2 P1(T ) shall be the usualnodal Lagrange interpolate. Compute the (
onstant) Hessian D2v, its two real eigenvalues�1; �2 su
h that j�1j � j�2j, and the 
orresponding eigenve
tors p1 and p2. Then the quasiminimal interpolation error (up to some 
onstant fa
tor) is a
hieved for those trianglesthat are stret
hed along p1, and whose stret
hing ratio is pj�2j :pj�1j � 1.To des
ribe the general Hessian strategy properly, we formally split it into step 3 ofthe adaptive algorithm (information extra
tion) and step 4 (remeshing). This separationallows us to address the assumptions appropriately but also the drawba
ks. Our maininterest is the information extra
tion (step 3). Furthermore several remeshing algorithms(step 4) are presented but not dis
ussed in detail. To in
lude all the diverse remeshingmethods in our analysis, we will pose one 
ondition that a newly 
onstru
ted mesh has tosatisfy.Next the Hessian strategy is presented.Step 3: Information extra
tionAlthough the �nite element error kr(u� uh)k should be minimized, one 
onsiders insteadthe simpler interpolation error kr(u� ILu)k whi
h leads to the Hessian D2u. Sin
e D2u isnot known one has to utilize a symmetri
 approximation D2;huh to D2u. We assume thatsu
h an approximation is provided.The information desired are the stret
hing dire
tions and the aspe
t ratio. Generallyspeaking, they are fun
tions on 
, and they are given by the eigenvalues and eigenve
tors of



8 3 THE HESSIAN STRATEGYD2;huh. This pro
edure is known as spe
tral de
omposition or prin
ipal axes transformationof the matrix D2;huh:Eigenve
tors of D2;huh: qi(x) i = 1; 2; 3 (4)Assume jqi(x)j = 1.Eigenvalues of D2;huh: �i(x) := �i(D2;huh(x)) i = 1; 2; 3 (5)� (D2;huh(x) � qi(x);qi(x))= �2;hqiqiuh(x)Assume j�1(x)j � j�2(x)j � j�3(x)j.Stret
hing length: Hi(x) := �T � j�i(x)j�1=2 i = 1; 2; 3 (6)For ea
h x 2 
 the stret
hing dire
tions are qi(x), and the stret
hing lengths areHi(x); i = 1; 2; 3.The global parameter �T is the same for all elements T . For the ease of our exposition,we assume that all �i(x) are distin
t, i.e. j�1(x)j < j�2(x)j < j�3(x)j. This is, of 
ourse,not realisti
 in real world appli
ations. Then the algorithmi
 implementation is moresophisti
ated, and the des
ription has to be 
hanged (for example, by using a set of threeve
tors fHi(x) � qi(x)g3i=1 without any ordering).Step 4: RemeshingOn
e the fun
tions of the stret
hing dire
tions and stret
hing lengths are known, the newmesh Tnew is to be 
onstru
ted. We will mention several approa
hes for the remeshing. Inorder to treat all of them in our 
ontext here, we formulate a rather general 
ondition thathas be be satis�ed. We note that this 
ondition 
omprises most of the heuristi
 assumptions(or, in some sense, the essen
e of the Hessian strategy), 
f. the dis
ussion below.When a new triangle Tnew 2 Tnew is to be 
onstru
ted3, its dire
tions pi;Tnew and lengthshi;Tnew should be 
lose to the 
omputed information qi(x); Hi(x):pi;Tnew � qi(x) 8 x 2 Tnewhi;Tnew � Hi(x) 8 x 2 Tnew :The `
loseness' 
ould be measured, for example, in some integral sense. It also displaysan immediate diÆ
ulty: Tnew should be 
onstru
ted a

ording to qi(x); Hi(x), but thesedata should be 
onsidered for all points x 2 Tnew of the triangle to be 
onstru
ted. Thisdependen
e (depi
ted by  �) 
an be illustrated as follows:Tnew  � pi;Tnew ; hi;Tnew  � qi(x)���Tnew ; Hi(x)���Tnew  � TnewThis self{dependent (re
exive) des
ription 
an be dealt with in several ways.Firstly, one may iteratively 
onstru
t the new element: Start with an initial guessTnew;1, determine qi(x)jTnew;1 ; Hi(x)jTnew;1 , re
ompute pi;Tnew;2 ; hi;Tnew;2 , and 
onstru
t animproved guess Tnew;2 until a suÆ
ient 
orresponden
e is a
hieved.3For easier re
olle
tion we denote the mesh to be 
onstru
ted by Tnew .



9A se
ond approa
h 
onsists of 
onstru
ting a global transformation su
h that the trans-formed domain 
an be meshed uniformly and isotropi
ally, 
f. [Sim94℄. However su
h atransformation does not ne
essarily exist. Even if it exists, its 
onstru
tion requires solvinga system of ordinary di�erential equations.A third group of approa
hes heavily relies on the use of a Riemannian metri
 tensor;they try to 
onstru
t equilateral triangles with respe
t to that metri
. For more details ordi�erent methods see e.g. [BH96℄ or [Kun99a℄ and the 
itations therein.Here we will not present and analyse these remeshing algorithms in detail. Yet we wantour analysis to in
lude all these 
onstru
tions, and probably even 
ompletely di�erentapproa
hes (e.g. the 
ontour lines approa
h, 
f. se
tion 1). For that reason we pose onerather general assumption: We allow any 
onstru
tion of Tnew as long as the 
onditionbelow is satis�ed for all tetrahedra Tnew 2 Tnew:h2i;Tnew � k�2pipiukTnew � �2T � jTnewj1=2 i = 1; 2; 3: (7)This 
ondition 
ontains mu
h of the essen
e of the remeshing part of the Hessian strategyand its heuristi
 assumptions. The 
ondition and its plausibility are investigated in moredetail in se
tion 4.2.Remark 1 The 
hoi
e of the parameter �T is less restri
tive as it may seem at �rst. Forexample �T 
an also be a fun
tion �T (x) as long as it does not 
hange rapidly a
rossadja
ent tetrahedra. �4 On the boundedness of the mat
hing fun
tionIn this se
tion we will show that a mesh 
onstru
tion based on the Hessian strategy resultsin a bounded mat
hing fun
tion, i.e. m1(u � uh; T ) � 1. Of 
ourse, the Hessian strategy(impli
itly) in
ludes 
ertain heuristi
 assumptions. In order to obtain a rigorous proof, wetry to spe
ify, analyse and dis
uss these assumptions as pre
ise as possible.In se
tion 4.1 we present lo
al anisotropi
 a priori interpolation error estimates whi
hare 
entral to our analysis. Se
tion 4.2 lists the heuristi
 assumptions, both as a verbaldes
ription and as formulas. The a
tual proof of a bounded mat
hing fun
tion is given inse
tion 4.3, and the heuristi
 assumptions are dis
ussed in more detail in se
tion 4.4.4.1 Lo
al interpolation estimatesLo
al a priori interpolation estimates on anisotropi
 elements are widely developed in theliterature. Here we want to use an interpolation operator that� is suitable for 2D and 3D elements,� involves preferably only the element T under 
onsideration,� allows an estimation of �rst{order partial derivatives against se
ond{order deriva-tives.



10 4 ON THE BOUNDEDNESS OF THE MATCHING FUNCTIONHere we have 
hosen the Crouzeix{Raviart interpolant ICR , 
f. [ANS99℄. The less suitableLagrange interpolant IL is presented afterwards.Crouzeix{Raviart interpolant: This interpolant ICR : W 1;p(T ) 7! P1(T ) is de�ned forall fun
tions v 2 W 1;p; p 2 [1;1℄, and it is uniquely de�ned by the 
onditionZF v � ICRv = 0 8 fa
es F � �T :Here W 1;p denotes the usual Sobolev spa
e. From now on only the 
ase p = 2 is required;then W 1;p be
omes the Hilbert spa
e H1.Apel/Ni
aise/S
h�oberl [ANS99, Lemma 3.3℄ have proven the following lemma.Lemma 2 Let u 2 H2(T ). Thenk�pi(u� ICRu)kT . 3Xj=1 hj;T � k�2pipjukT i = 1; 2; 3: (8)Note that the additional assumptions of [ANS99, Lemma 3.3℄ are automati
ally satis�edhere sin
e we utilize the dire
tional derivatives, and the 
ase p = 2. Furthermore nomaximum angle 
ondition is required.For 
ompleteness we also present a similar result for the Lagrange (i.e. nodal) inter-polant IL . This interpolant 
an be de�ned for the 2D and the 3D 
ase. The 
orrespondinginterpolation error estimates, however, are valid only in 2D.Lagrange interpolant: Let v 2 H2(T ) ,! C0( �T ) for T � R d. Then IL : H2(T ) 7! P1(T )is uniquely de�ned by the 
ondition(ILv)(x) = v(x) 8 verti
es x 2 �T :For the 2D 
ase Apel and Dobrowolski [AD92℄ have shown thatk�p1(u� ILu)kT . h1;T � k�2p1p1ukT + h2;T � k�2p1p2ukT + h22;Th1;T � k�2p2p2ukT (9)k�p2(u� ILu)kT . h1;T � k�2p1p1ukT + h1;T � k�2p1p2ukT + h2;T � k�2p2p2ukT : (10)Note that (10) requires a maximum angle 
ondition.



4.2 The heuristi
 assumptions 114.2 The heuristi
 assumptionsAll adaptive algorithms with the Hessian strategy 
ontain 
ertain heuristi
 assumptions(probably in some disguise) whi
h 
an be 
lassi�ed roughly as follows.� the Hessian strategy is feasible,� suÆ
iently good approximation of the Hessian: D2;huh � D2u,� the Hessian does not 
hange rapidly a
ross adja
ent elements,� the interpolation estimates are sharp enough,� uh � ICRu in the sense of the mat
hing fun
tion m1.These 
onditions are now reformulated in a stri
t mathemati
al form. A detailed dis
ussionalso of the short
omings of these assumptions is given in se
tion 4.4 below.1. The Hessian strategy is feasibleThis implies that the Hessian 
an be 
omputed, i.e.u 2 H2(
) : (A.1)Furthermore the stret
hing lengths are de�ned via Hi(x) := �T � j�i(x)j�1=2, 
f. (6).Stri
tly speaking, this requires �i(x) 6= 0. Here, however, we formally allow �i(x) = 0implying Hi(x) = 1. Then the remeshing part of the Hessian strategy has to dealwith this `ex
eption'. The other assumptions below have to hold as well, even if theheuristi
 reasoning may be less 
onvin
ing (
f. assumption (A.3) for example).2. D2;huh � D2u and D2u does not 
hange too mu
hAssume for the moment that the Hessian D2u is 
onstant (i.e. u is quadrati
), andthat the dire
tions pi;Tnew of the new element are 
hosen to be the eigenve
tors ofD2u(instead of its approximation D2;huh). The prin
iple of the spe
tral de
ompositionof the Hessian D2u readily implies�2pipju = 0 8 i 6= j :In reality, however, D2u is rarely 
onstant, and the dire
tions pi;Tnew are 
omputedfrom D2;huh. Yet if D2u does not 
hange too mu
h and if D2;huh � D2u then �2pipjushould almost vanish. This is expressed by the 
onditionhj;T � k�2pipjukT . hi;T � k�2pipiukT 8 i 6= j : (A.2)The next assumption has already been mentioned in se
tion 3 when introdu
ing theHessian strategy:h2i;Tnew � k�2pipiukTnew � �2T � jTnewj1=2 i = 1; 2; 3; 8Tnew 2 Tnew; (A.3)with some global parameter �T . This assumption is almost the essen
e of the remesh-ing part of the Hessian strategy; it relates the information extra
ted from the givenmesh Told (i.e. qi(x); Hi(x)) to the newly 
onstru
ted mesh Tnew.The plausibility of the assumption is shown in se
tion 4.4.



12 4 ON THE BOUNDEDNESS OF THE MATCHING FUNCTION3. The interpolation estimates are sharpLemma 2 states thatk�pi(u� ICRu)kT . 3Xj=1 hj;T � k�2pipjukT i = 1; 2; 3:For a stri
t proof, we require the equivalen
e (i.e. � instead of .), or at leastk�pi(u� ICRu)kT & hi;T � k�2pipiukT i = 1; 2; 3 : (A.4)In se
tion 4.4 this 
ondition is further investigated. Note that (A.4) 
an be furtherweakened to 3Xi=1 k�pi(u� ICRu)kT & h3;T � k�2p3p3ukT : (A.4')4. uh � ICRu in the sense of the mat
hing fun
tion m1To transform this into a formula, we simply requirem1(u� uh; T ) � m1(u� ICRu; T ) (A.5)be
ause the right{hand side is mu
h easier to investigate. The numeri
al experimentsof se
tion 6 show that this is a realisti
 demand.4.3 Bounding the mat
hing fun
tionLet us �rst re
olle
t the heuristi
 assumptions (A.1){(A.5) whi
h have to be satis�ed forall elements T � Tnew of the newly 
onstru
ted mesh T .u 2 H2(
) (A.1)hj;T � k�2pipjukT . hi;T � k�2pipiukT 8 i 6= j (A.2)h2i;T � k�2pipiukT � �2T � jT j1=2 i = 1; 2; 3; 8T 2 T (A.3)k�pi(u� ICRu)kT & hi;T � k�2pipiukT i = 1; 2; 3 (A.4)m1(u� uh; T ) � m1(u� ICRu; T ) : (A.5)The main result is as follows.Theorem 3 (Bounded mat
hing fun
tion) Assume that (A.1){(A.5) hold. Thenm1(u� uh; T ) � 1 : (11)



4.3 Bounding the mat
hing fun
tion 13Proof: We start with the mat
hing fun
tion m1(u � ICRu; T ) for the interpolation errorwhi
h is de�ned bym1(u� ICRu; T ) =  XT2T yT.XT2T zT!1=2 ; (12)with yT := 3Xi=1 h2i;Th2min;T � k�pi(u� ICRu)k2T (13)and zT := 3Xi=1 k�pi(u� ICRu)k2T (14)being the element{related terms of the numerator and the denominator, respe
tively, 
f. (3).With the help of the interpolation error estimate (8) and the assumptions (A.2), (A.3)one derives for the numeratoryT = h�2min;T 3Xi=1 h2i;T � k�pi(u� ICRu)k2T(8). h�2min;T 3Xi=1 h2i;T 3Xj=1 h2j;T � k�2pipjuk2T(A:2). h�2min;T 3Xi=1 h4i;T � k�2pipiuk2T(A:3)� h�2min;T � �4T � jT j :Similarly the denominator is investigated.zT = 3Xi=1 k�pi(u� ICRu)k2T(A:4)& 3Xi=1 h2i;T � k�2pipiuk2T � 3Xi=1 h�2i;T � h4i;T � k�2pipiuk2T(A:3)� �4T � jT j � 3Xi=1 h�2i;T :Hen
e one readily obtainsyT . �4T � jT j � h�2min;T � �4T � jT j � 3Xi=1 h�2i;T . zTand XT2T yT . XT2T zT :



14 4 ON THE BOUNDEDNESS OF THE MATCHING FUNCTIONTogether with (A.5) this impliesm1(u� uh; T ) (A:5)� m1(u� ICRu; T ) = "XT2T yT.XT2T zT#1=2 . 1 :Sin
e 1 � m1(u� uh; T ) is obvious the desired result is proven.4.4 The assumption revisited { DiÆ
ulties of the Hessian strat-egyThe Hessian strategy is only a heuristi
 strategy, and as su
h, it has naturally its limita-tions. In this se
tion we try to des
ribe and analyse these limits as rigorously as possible.For that it is 
onvenient to distinguish between problems that are due to the Hessian strat-egy, and problems that are due to the analysis of the method. Not surprisingly there are
lose 
onne
tions to the heuristi
 assumptions (A.1){(A.5) of se
tion 4.2, see also there fora 
omparison. So let us re
all and dis
uss these assumptions.Assumption (A.1): u 2 H2(
)In pra
ti
al appli
ations the solution is not ne
essarily as smooth as H2(
). Even forthe Poisson equation in a 3D domain with a 
on
ave edge or with 
hanging boundary
onditions one generi
ally obtains only u 2 H1+
(
); 0 < 
 < 1.Then the Hessian strategy may run into diÆ
ulties as D2u and D2;huh 
an be expe
tedto be
ome very large or even unbounded in 
ertain regions. The aspe
t ratio may tend to1 : 1, thus rendering the Hessian strategy infeasible. Furthermore not only the Hessianstrategy itself fails but also its analysis, sin
e the interpolation estimates do not holdanymore (e.g. �2pipju may not be de�ned).A partial remedy 
an be seen in the fa
t that the solution u has regularity H2 in mostof the domain 
, and that less regularity o

urs only in small regions. For example for the3D Poisson equation with a 
on
ave edge, u is singular only along that edge. Thereforethe Hessian strategy will probably work well in most of the domain, and only small regionsrequire an additional treatment. This treatment 
ould, for example, 
onsist of a boundthat the aspe
t ratio must not ex
eed.Assumption (A.2): hj;T � k�2pipjukT . hi;T � k�2pipiukT 8 i 6= jIn the imaginary, `ideal' 
ase of D2u = D2;huh = 
onst and pi;T = qi(x) the mixedderivatives �2pipju = �2qiqju = �2;hqiqjuh vanish be
ause of the prin
iple of the spe
tral de-
omposition (
f. se
tions 3 and 4.2). Conversely, for real appli
ations the approximationsD2;huh � D2u and pi;T � qi(x) have to be good enough. Additionally the element T hasto be small enough su
h that �2pipju does not 
hange too mu
h and, in parti
ular, remainsnegle
table 
ompared to �2pipiu.



4.4 The assumption revisited { DiÆ
ulties of the Hessian strategy 15Assumption (A.3): h2i;T � k�2pipiukT � �2T � jT j1=2 i = 1; 2; 3; 8T 2 TTo show the plausibility of the assumption,(a) we evaluate k�2pipiukTnew by some numeri
al integration rule,(b) we assume hi;Tnew � Hi(x) and pi;Tnew � qi(x) for some/all x 2 Tnew,(
) we employ D2;huh � D2u,(d) and we utilize the de�nition (6) of Hi(x).To be pre
ise, let a numeri
al integration s
heme (on Tnew) be given by some points xk 2Tnew together with weights �k. Then4h4i;Tnew � k�2pipiuk2Tnew (a)� h4i;Tnew � jTnewj �Xxk �k � (�2pipiu(xk))2(b)� jTnewj �Xxk �k �H4i (xk) � (�2qiqiu(xk))2(
)� jTnewj �Xxk �k �H4i (xk) � (�2;hqiqiuh(xk))2(6)= jTnewj �Xxk �k � �4T = jTnewj � �4T :If one in
reases the number of integration points then� the integration rule is likely to improve in quality,� but the approximations hi;Tnew � Hi(x), pi;Tnew � qi(x) and D2;huh � D2u have tobe a

urate for more points, and are more 
riti
al to obtain.Ultimately one 
an even use exa
t integration on the 
ost that the aforementioned equiv-alen
es have to hold for almost all x 2 Tnew:h4i;Tnew � k�2pipiuk2Tnew = h4i;Tnew � ZTnew(�2pipiu(x))2(b)� ZTnew H4i (x) � (�2qiqiu(x))2(
)� ZTnew H4i (x) � (�2;hqiqiuh(x))2(6)= ZTnew �4T = jTnewj � �4T :Sin
e our demands on the integration rule and the equivalen
es 
an not be quanti�ed ina more 
onvenient way, we have 
hosen to present them in the form of assumption (A.3).4The interesting 
ase of a single point integration rule is of 
ourse 
ontained.



16 4 ON THE BOUNDEDNESS OF THE MATCHING FUNCTIONNote, however, that the whole Hessian strategy (i.e. the 
hoi
e of the stret
hing dire
tionsand lengths) plays a vital role in this 
ondition, even if this is not immediately visible inthe formula.Summarizing the previous arguments, (A.3) 
an be expe
ted to hold if D2;huh � D2uand hi;T � Hi(x), pi;T � qi(x) for some/all x 2 T. If some of these approximationsare violated then the heuristi
 reasoning from above 
an not be applied. Neverthelessassumption (A.3) may still be valid sin
e all three approximations intera
t in a rather
omplex way.Assumption (A.4): k�pi(u� ICRu)kT & hi;T � k�2pipiukTThis property does not hold for arbitrary fun
tions. Here we present a 
ounterexamplewhi
h employs a fun
tion that strongly os
illates over the element T .Consider the triangle with verti
es (0; 0), (1; 0), (1; 1) and the fun
tion u(x1; x2) =sin(2k� � x1). Then all edge integrals RE u vanish giving the Crouzeix{Raviart interpolateICRu � 0. Straight{forward 
omputations then yieldk�x1(u� ICRu)kT = k � � and k�x1x1ukT = k2 � 2�and thus k�x1(u� ICRu)kT 6& k�x1x1ukT for k!1 :A transformation to the dire
tional derivatives provides the a
tual 
ounterexample5. A 3D
ounterexample 
an be 
onstru
ted similarly.Despite the example from above, assumption (A.4) 
an be expe
ted to hold for suÆ-
iently `smooth' fun
tions (e.g. without heavy os
illations). Further hopes are raised bythe fa
t that eventually we do not require (A.4) itself. Instead the sum P3i=1 over allthree dire
tions, and the sum PT2T over all elements are the terms that matter. Thussome negative in
uen
e of a single triangle 
an hopefully be 
ompensated (even if su
h
an
elation e�e
ts 
an not be proven). An example of a weakened assumption is given in(A.4') on page 12.Assumption (A.5): m1(u� uh; T ) � m1(u� ICRu; T )This assumption 
an be expe
ted to hold if uh � ICRu. Re
all that the mat
hing fun
tionm1 emphasizes di�erent dire
tions to a di�erent extend, i.e. the element{related numeratoris yT = 3Xi=1 h2i;Th2min;T � k�pi(u� ICRu)k2T ;
f. the previous se
tion. Hen
e the approximation uh � ICRu should be parti
ularly goodalong the `long' dire
tions (represented by h1;T and probably h2;T ).A slight modi�
ation of assumption (A.5) has also been investigated numeri
ally. Theexamples of se
tion 6 indi
ate that both terms of (A.5) di�er by (usually mu
h) less than10%.5The isotropi
 triangle here is of 
ourse a spe
ial 
ase of an anisotropi
 element.



175 Derivation of the Hessian strategy in 2DIn the previous se
tions we have applied the Hessian strategy and have shown that thenthe mat
hing fun
tion m1(u�uh; T ) is bounded. In this se
tion we 
onsider the problem inthe reverse way: If m1 is to be bounded, how do we have to 
hoose the stret
hing dire
tionand ratio? Sin
e both items 
an not be 
hosen independently, the answer will be of thetype: `For a given stret
hing dire
tion, the aspe
t ratio 
an be at most qmax for m1 to bebounded'. It will turn out that this answer reprodu
es the Hessian strategy. Note thatonly the 2D 
ase is 
onsidered.We will start with some heuristi
 assumptions. Be
ause of the general setting they arenot formulated as stringent as before. First we repla
e uh by the interpolant ICRu resultingin m1(u� uh; T ) � m1(u� ICRu; T ) :Still the whole term is to diÆ
ult to deal with; hen
e 
onsider only the element 
ontribu-tions and demand yT . zT , i.e.h�2min;T 2Xi=1 h2i;T � k�pi(u� ICRu)k2T . 2Xi=1 k�pi(u� ICRu)k2T ;
f. (12){(14). Re
all that h1;T � h2;T are the lengths of the triangle along the two or-thogonal dire
tions p1;T and p2;T . Next the interpolation estimate (8) is applied. We(heuristi
ally) assume that (8) is sharp, i.e. we assumek�pi(u� ICRu)kT � 3Xj=1 hj;T � k�2pipjukT i = 1; 2; 3:Hen
e the following inequality should be satis�edh41;Th22;T � k�2p1p1uk2T + h21;T � k�2p1p2uk2T + h22;T � k�2p2p2uk2T .. h21;T � k�2p1p1uk2T + h21;T � k�2p1p2uk2T + h22;T � k�2p2p2uk2Twhi
h holds (up to some 
onstant fa
tor) i�h41;Th22;T � k�2p1p1uk2T . h21;T � k�2p1p2uk2T + h22;T � k�2p2p2uk2Tor, equivalently, f := q2 � k�2p1p1uk2Tq � k�2p1p2uk2T + k�2p2p2uk2T . 1 (15)with q := h21;T=h22;T > 1 : (16)



18 5 DERIVATION OF THE HESSIAN STRATEGY IN 2DWe want to express �2pipju by means ofD2u, and thus start with the spe
tral de
omposition(i.e. prin
ipal axes transformation) of D2u(x0; y0) at some point (x0; y0) of the element6.Hen
e D2u(x0; y0) is transformed into a diagonal matrix; that is, there are two orthogonaldire
tions x̂; ŷ (whi
h are the prin
ipal axes) su
h that the mixed dire
tional derivativevanishes, �2̂xŷu(x0; y0) � �x̂�ŷu(x0; y0) = 0Let the triangle T be rotated by an angle ' against the prin
ipal dire
tions (x̂; ŷ),i.e. ' = ^(p1;T ; x̂). Set 
 := 
os', s := sin', and letP := � 
 s�s 
 �be the usual rotation matrix. Then24 �2p1p1u �2p1p2u�2p2p1u �2p2p2u 35 (x; y) = P> � 24 �2̂xx̂u �2̂xŷu�2̂yx̂u �2̂yŷu 35 (x; y) � P= 24 
2�2̂xx̂u� 2
s�2̂xŷu+ s2�2̂yŷu 
s�2̂xx̂u+ (
2 � s2)�2̂xŷu� 
s�2̂yŷu
s�2̂xx̂u+ (
2 � s2)�2̂xŷu� 
s�2̂yŷu s2�2̂xx̂u+ 2
s�2̂xŷu+ 
2�2̂yŷu 35 (x; y) :Be
ause of the spe
tral de
omposition of D2u(x0; y0) one has �2̂xŷu(x0; y0) = 0. However,�2̂xŷu is required not only at (x0; y0) but on all points (x; y) 2 T . Hen
e we demand theimportant heuristi
 assumption that D2u should not 
hange too mu
h a
ross the trian-gle T . Thus �2̂xŷu(x; y) should be negle
table 
ompared with �2̂xx̂u(x; y) and �2̂yŷu(x; y) for(x; y) 2 T . Furthermore we evaluate the norms k � kT with a single point integration ruleat (x0; y0). To be pre
ise, we assume the equivalen
esk�2p1p1uk2T � jT j � (
2�2̂xx̂u+ s2�2̂yŷu)2(x0; y0)k�2p1p2uk2T � jT j � (
s�2̂xx̂u� 
s�2̂yŷu)2(x0; y0)k�2p2p2uk2T � jT j � (s2�2̂xx̂u+ 
2�2̂yŷu)2(x0; y0) :Inserting this into (15) yieldsf = f(D2u; q; ') = q2 � k�2p1p1uk2Tq � k�2p1p2uk2T + k�2p2p2uk2T� q2 � (
2�2̂xx̂u+ s2�2̂yŷu)2(x0; y0)q � (
s�2̂xx̂u� 
s�2̂yŷu)2(x0; y0) + (s2�2̂xx̂u+ 
2�2̂yŷu)2(x0; y0)= q2 � (1 + t2 � Æ)2q � t2(1� Æ)2 + (t2 + Æ)2=: f(q; t; Æ)6For improved readability of this se
tion we denote the 
oordinate system by (x; y) instead of (x1; x2).



19with the abbreviationst2 := s2
2 = tan2 ' Æ := �2̂yŷu(x0; y0)�2̂xx̂u(x0; y0) : (17)A

ording to (15) we aim at f(q; t; Æ) . 1, i.e.q2 � (1 + t2 Æ)2 . q � t2 (1� Æ)2 + (t2 + Æ)2 :As already mentioned before, we want to obtain all q that satisfy this quadrati
 inequalityfor given t and Æ. This leads to1 < q . t2(1� Æ)22(1 + t2 Æ)2 + � t4(1� Æ)44(1 + t2 Æ)4 + (t2 + Æ)2(1 + t2Æ)2�1=2and qmax = qmax(t; Æ) � t2 � 1� Æ1 + t2 Æ�2 + ���� t2 + Æ1 + t2 Æ ����max h1;Th2;T = pqmax � jtj � ���� 1� Æ1 + t2 Æ ���� + ���� t2 + Æ1 + t2 Æ ����1=2 :Keeping the heuristi
 assumptions and their limitations in mind, this equivalen
e des
ribesthe maximum aspe
t ratio su
h that the mat
hing fun
tion m1 is bounded. The maximumaspe
t ratios are given in dependen
e of� the angle ' between the dire
tions pi;T of the triangle and the prin
ipal axes x̂; ŷ,� the ratio Æ of the pure se
ond order derivatives along the prin
ipal axes.Let us now dis
uss the result for some distin
tive 
ases where we pres
ribe Æ and t and de-termine qmax. Without loss of generality assume that jÆj = j�2̂yŷu(x0; y0)=�2̂xx̂u(x0; y0)j � 1;otherwise we 
an mutually ex
hange the prin
ipal axes x̂ for ŷ.No. Des
ription Æ t = tan' max h1;Th2;T = pqmax1 isotropi
 fun
tion jÆj � 1 arbitrary pqmax � 12 anisotropi
 fun
tion jÆj � 12a { Hessian strategy mesh t = 0 pqmax � jÆj1=22b { small deviation from `Hessian mesh' jtj . jÆj�1=2 pqmax � jÆj1=22
 { strong deviation from `Hessian mesh' jtj � 1 pqmax � 12d { 
ompletely wrong mesh jtj � 1 (pqmax � 1)We 
on
lude that an isotropi
 fun
tion requires an isotropi
 mesh. For an anisotropi
fun
tion, the Hessian strategy (
ase 2a) is reprodu
ed: pqmax � jÆj1=2 is exa
tly the squareroot of the ratio of the eigenvalues of the Hessian, see (17). The same aspe
t ratio is possible



20 6 NUMERICAL EXPERIMENTSeven if the triangle T is not exa
tly aligned with the prin
ipal dire
tions (
ase 2b). Thedeviation (i.e. the angle between the prin
ipal dire
tions and T ) 
an be up to' � tan' = t � jÆj�1=2 � 1=pqmax � h2;T=h1;T :It is probably surprising that the same angle of the deviation o

urs in [AD92, Theorem 2℄when investigating interpolation estimates there.If the elements show a large deviation from the prin
ipal axes (
ase 2
) then only anisotropi
 mesh is possible.The last (rather hypotheti
) 
ase 2d 
onsiders a 
ompletely wrong mesh, i.e. the triangleT is rotated by about 90o against the prin
ipal dire
tions (
orresponding to t = tan'� 1).Hen
e the `long' dire
tion p1;T 
orresponds to the `large' derivative �2̂yŷu, and the stret
hingis thus the opposite way. Then we obtain a 
ontradi
tion to q > 1; therefore the mat
hingfun
tion m1 will be unbounded here.6 Numeri
al experimentsIn this se
tion we will numeri
ally explore whether assumption (A.5) is a realisti
 demand.For implementation reasons we 
onsider the Lagrange interpolate IL instead of ICR , i.e. weinvestigate whether m1(u� uh; T ) � m1(u� ILu; T ) (A.5')holds. In forth
oming software developments the Crouzeix{Raviart interpolate ICR will bein
orporated as well. It is strongly to be expe
ted that the results for IL 
arry over to ICR .Note that we do not apply the Hessian strategy here; instead we utilize meshes thatwere 
onstru
ted on a priori knowledge.6.1 Example 1When solving a Poisson problem in three-dimensional domains 
, a typi
al o

urren
e ofan anisotropi
 solution is indu
ed by an edge with an angle ! > �, and/or by a 
hange ofthe boundary 
onditions, 
f. also [Kun99a℄ and the 
itations therein. Therefore we 
hoosethe following test problem whi
h has already been dis
ussed in [Kun99a, Ape97℄ (partly ina slightly di�erent form). Solve the three-dimensional Poisson problem��u = f in 
 ; u = u0 on �D ; �u=�n = gN on �N :The domain 
 
onsists of three quarters of a 
ylinder, i.e.
 = f(r 
os' ; r sin' ; z) 2 R 3 : 0 < r; z < 1 ; 0 < ' < 3�=2g ;
f. also �gure 2. The Neumann boundary �N shall 
onsist of the top and bottom plane of
, and of the plane des
ribed by x = 0. Let the Diri
hlet boundary be �D := �
 n �N .



6.1 Example 1 21The exa
t solution u (in 
ylindri
al 
oordinates) is pres
ribed to beu(r; '; z) := r� � sin(�') � (1 + 
(z)) with � = 1=3and 
(z) := � (2z � 1) � 2z when z 2 [0; 1=2℄(2z � 1) � (3� 4z) when z 2 (1=2; 1℄ :The 
orresponding right-hand side f = ��u is in Lp(
) for all p 2 [1;1℄, but it has ajump at z = 1=2. The boundary 
onditions u0 and gN are 
hosen a

ording to u. Theexa
t solution u displays an edge singularity of the type r�. This implies an anisotropy ofu along the z-axis.The sequen
e of meshes is 
onstru
ted as follows. First, the domain 
 is isotropi
allyand quasi-uniformly meshed, with h � 2�k; k = 0; 1; 2 : : : (note that the 
urved boundary isapproximated). The �nal, anisotropi
 mesh is obtained by the subsequent nodal 
oordinatetransformation (also known as mesh grading)���� �! �xy� := r̂ 1��1 � ���� with r̂ =p�2 + �2 : (18)This ensures the adaption of the mesh to u. The grading parameter � is 
hosen to be � = 0:3resulting in an optimal rate of 
onvergen
e in the energy norm, i.e. jjju� uhjjj � N�1=3,with N being the degrees of freedom [Ape97℄. The 
orresponding meshes before and afterthe mesh grading are depi
ted in �gure 2.

Figure 2: Mesh 1d before and after mesh gradingThe values of the mat
hing fun
tions m1(u�uh; T ) and m1(u�ILu; T ) are given below,together with some mesh information.



22 6 NUMERICAL EXPERIMENTS# Elements Max. aspe
t ratio m1(u� uh; T ) m1(u� ILu; T )Mesh 1a 12 2.2 1.63 1.63Mesh 1b 96 9.7 2.26 2.14Mesh 1
 768 30.6 2.18 2.03Mesh 1d 6 144 154.0 2.10 2.02Mesh 1e 49 152 775.8 2.06 2.02Mesh 1f 393 216 3 910.0 2.06 2.03Mesh 1g 3 145 728 19 705.1 2.06 2.04One observes that repla
ing uh by ILu in the mat
hing fun
tion 
hanges the value onlyslightly. Thus assumption (A.5') is valid here, and (A.5) is expe
ted to hold as well.Furthermore the small values of m1(u � uh; T ) indi
ate that the anisotropi
 meshesutilized are really suitable for this kind of problem.6.2 Example 2The se
ond example is a singularly perturbed rea
tion di�usion model problem that hasalready been analysed in [KV99℄.�"�u+ u = 0 in 
 := [0; 1℄3 ; u = u0 on �D := �
with the perturbation parameter " = 10�4. The exa
t solution is pres
ribed to beu = e�x=p" + e�y=p" + e�z=p" :It displays typi
al boundary layers along the planes x = 0, y = 0, and z = 0. The boundaryvalue u0 is 
hosen a

ordingly.The domain is dis
retized by a sequen
e of meshes, ea
h one being the tensor produ
t ofthree one{dimensional Bakhvalov{like meshes [Bak69℄ with 2k intervals in [0,1℄, k = 1 : : : 6.To des
ribe the 1D nodal distribution properly, denote the transition point of the boundarylayer by � := p"j lnp"j. Then 2k�1 nodes are exponentially distributed in the boundarylayer interval [0; � ℄ whereas the remaining interval [�; 1℄ is divided into 2k�1 equidistantintervals, 
f. �gure 3. More pre
isely, the (1D) nodal 
oordinate of the m-th node isxm := 8><>: ��p" ln h1� m2k�1 (1� e��=�=p")i for m = 0 : : : 2k�1; � = 3=2� + (1� �) � � m2k�1 � 1� for m = 2k�1 + 1 : : : 2k :Note that the only di�eren
e to the original Bakhvalov mesh 
onsists in the slightly di�erent
hoi
e of the transition point � .Again the values of the mat
hing fun
tions m1(u�uh; T ) and m1(u�ILu; T ), and somemesh information are given below.
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Figure 3: Mesh 2b { Mesh 2
# Elements Max. aspe
t ratio m1(u� uh; T ) m1(u� ILu; T )Mesh 2a 48 29.4 1.55 1.55Mesh 2b 384 69.5 1.62 1.61Mesh 2
 3 072 82.6 1.69 1.67Mesh 2d 24 576 88.6 1.88 1.86Mesh 2e 196 608 91.5 2.37 2.36Mesh 2f 1 572 864 92.9 3.04 3.04The table shows an astonishing 
oin
iden
e of both mat
hing fun
tions. Therefore hereuh 
an be repla
ed by ILu without 
hanging the values mu
h, and assumption (A.5') is
learly valid.7 SummaryIn an anisotropi
 adaptive algorithm it is a 
ommon desire to have an error estimator thatprovides the error size but also the optimal stret
hing dire
tions and stret
hing ratio of theunderlying anisotropi
 mesh. Sin
e the last two information 
an not yet be extra
ted (forany of the known estimators), we have investigated the so{
alled Hessian strategy whi
hprovides exa
tly these information, based on some heuristi
 assumptions.Our main result proves that an anisotropi
 mesh 
onstru
ted by the Hessian strategyimplies a bounded mat
hing fun
tion, i.e. m1(u � uh; T ) . 1. Consequently reliable andeÆ
ient error estimation is possible. In the 2D 
ase it is even possible to derive the Hessianstrategy dire
tly from the 
ondition m1(u� uh; T ) . 1.Be
ause of the heuristi
 nature of the Hessian strategy we too require some heuristi
assumptions. Nevertheless they are presented as pre
ise as possible, and in a rather generalform su
h that other meshing strategies 
an (hopefully) be analysed as well.Altogether this work provides further inside into the nature of anisotropi
 error esti-mation, and the mat
hing fun
tion in parti
ular.



24 REFERENCESReferen
es[AD92℄ Th. Apel and M. Dobrowolski. Anisotropi
 interpolation with appli
ations tothe �nite element method. Computing, 47:277{293, 1992.[ANS99℄ Th. Apel, S. Ni
aise, and J. S
h�oberl. Crouzeix-raviart type �nite elements onanisotropi
 meshes. Preprint SFB393/99-10, TU Chemnitz, 1999.[Ape97℄ Th. Apel. Interpolation of non-smooth fun
tions on anisotropi
 �nite elementmeshes. Preprint SFB393/97-6, TU Chemnitz, 1997. To appear in Math.Modeling Numer. Anal.[Bak69℄ N. S. Bakhvalov. Optimization of methods for the solution of boundary valueproblems in the presen
e of a boundary layer. Zh. Vy
hisl. Mat. i Mat. Fiz.,9:841{859, 1969. In Russian.[BH96℄ F. J. Bossen and P. S. He
kbert. A pliant method for anisotropi
 mesh gen-eration. In Pro
eedings of the 5th Annual International Meshing Roundtable,Pittsburgh, PA, 1996. Sandia National Laboratories.[BK94℄ R. Beinert and D. Kr�oner. Finite volume methods with lo
al mesh alignment in2{D. In Adaptive Methods { Algorithms, Theory and Appli
ations, volume 46of Notes on Num. Fluid Me
hani
s, pages 38{53, Brauns
hweig, 1994. Vieweg.[CHM95℄ M. J. Castro-D��az, F. He
ht, and B. Mohammadi. New progress in anisotropi
grid adaption for invis
id and vis
ous 
ow simulations. In Pro
eedings of the4th Annual International Meshing Roundtable, pages 73{85, Albuquerque, NM,1995. Sandia National Laboratories. Also Report 2671 at INRIA.[DGP99℄ M. Dobrowolski, S. Gr�af, and C. P
aum. On a posteriori error estimatorsin the �nite element method on anisotropi
 meshes. Ele
troni
 Transa
tionsNum. Anal., 8:36{45, 1999.[D�or96℄ W. D�or
er. A 
onvergent adaptive algorithm for Poisson's equation. SIAM J.Num. Anal., 33:1106{1124, 1996.[FLR96℄ J. Fr�ohli
h, J. Lang, and R. Roitzs
h. Selfadaptive �nite element 
omputationswith smooth time 
ontroller and anisotropi
 re�nement. Report 96{16, ZIB,1996.[KR90℄ R. Kornhuber and R. Roitzs
h. On adaptive grid re�nement in the presen
eof internal and boundary layers. IMPACT of Computing in S
i. and Engrg.,2:40{72, 1990.[Kun99a℄ G. Kunert. A posteriori error estimation for anisotropi
 tetrahedral and trian-gular �nite element meshes. Logos Verlag, Berlin, 1999. Also PhD thesis, TUChemnitz, http://ar
hiv.tu-
hemnitz.de/pub/1999/0012/index.html.



REFERENCES 25[Kun99b℄ G. Kunert. An a posteriori residual error estimator for the �nite elementmethod on anisotropi
 tetrahedral meshes. to appear in Numer. Math., 1999.[KV99℄ G. Kunert and R. Verf�urth. Edge residuals dominate a posteriori error esti-mates for linear �nite element methods on anisotropi
 triangular and tetrahe-dral meshes. to appear in Numer. Math., 1999.[MNS99℄ P. Morin, R. H. No
hetto, and K. G. Siebert. Data os
illation and 
onvergen
eof adaptive fem. Report 17/1999, University of Freiburg, July 1999.[No
95℄ R. H. No
hetto. Pointwise a posteriori error estimators for ellipti
 problems onhighly graded meshes. Math. Comp., 64:1{22, 1995.[PVMZ87℄ J. Peraire, M. Vahdati, K. Morgan, and O. C. Zienkiewi
z. Adaptive remeshingfor 
ompressible 
ow 
omputation. J. Comp. Phys., 72:449{466, 1987.[Ra
93℄ W. Ra
howi
z. An anisotropi
 h{type mesh re�nement strategy. Comput.Methods Appl. Me
h. Engrg., 109:169{181, 1993.[RGK93℄ W. Ri
k, H. Greza, and W. Kos
hel. FCT-solution on adapted unstru
turedmeshes for 
ompressible high speed 
ow 
omputations. In E. H. Hirs
hel, editor,Flow simulation with high-performan
e 
omputers I, volume 38 of Notes onNum. Fluid Me
hani
s, pages 334{438. Vieweg, 1993.[Sie96℄ K. G. Siebert. An a posteriori error estimator for anisotropi
 re�nement. Nu-mer. Math., 73(3):373{398, 1996.[Sim94℄ R. B. Simpson. Anisotropi
 mesh transformation and optimal error 
ontrol.Appl. Numer. Math., 14:183{198, 1994.[VH96℄ R. Vilsmeier and D. H�anel. Computational aspe
ts of 
ow simulation in threedimensional, unstru
tured, adaptive grids. In E. H. Hirs
hel, editor, Flow sim-ulation with high-performan
e 
omputers II, volume 52 of Notes on Num. FluidMe
hani
s, pages 431{446. Vieweg, 1996.[ZW94℄ O. C. Zienkiewi
z and J. Wu. Automati
 dire
tional re�nement in adaptiveanalysis of 
ompressible 
ows. Internat. J. Numer. Methods Engrg., 37:2189{2210, 1994.


