FEingereicht von Daniel Kressner
geboren am 07. April 1978 in Karl-Marz-Stadt

Betreuer Prof. Dr. Ralph Byers
Prof. Dr. Volker Mehrmann

Chemnitz, den 13. Juni 2001






Aufgabenstellung

e Analyse und Implementierung des periodischen QZ Algorithmus, hier insbesondere

— effiziente Verfahren zur Reduktion auf Hessenberggestalt,
— akkurate Berechnung der Shifts,
— Ausbalancierung,

— Deflation.

e Implementierung von Faktorisierungsalgorithmen fii Block-Toeplitz-Matrizen.
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Introduction

Structured matrices are encountered in various application fields. This work is concerned
with two types of structures.

The first to mention is the periodic eigenproblem. Depending on the point of view
this problem can be treated as an ordinary eigenproblem where the involved matrix is
represented by a product or quotient of several matrices. Or, more appropriate to the
usual definition of structure, the periodic case can be seen as a generalized eigenproblem
with a special sparsity pattern.

Strongly connected to this problem are the linear periodic discrete-time systems. Vari-
ous processes in chemical, electrical and aerospace engineering can be modeled using such
periodic systems. Furthermore, it is the simplest extension of the time-invariant case.

In reliable methods for pole placement [61] or state feedback control [60] related to
periodic systems the periodic QZ algorithm often represents the first and most expensive
step. This algorithm is also a stable method for finding eigenvalues and invariant subspaces
of periodic eigenproblems [10, 35, 64]. Furthermore, it can be used to solve a broad variety
of matrix equations [16, 62, 67]. Another application arises in the context of Hamiltonian
pencils [6].

Once the QZ algorithm was established by Moler and Stewart [51], a number of subse-
quent publications was concerned with computational and theoretical details refining the
algorithm. Particularly mentioned should be the papers of Kaufman and Ward [42, 69, 70].
Surprisingly, there do not seem to exist similar works for the periodic QZ algorithm which
can be considered as a generalization of the QZ algorithm. Some thoughts on the QZ bear
a trivial extension to the periodic QZ, but phenomena like exponential divergence are not
encountered in the first case.

In Chapter 1 of this thesis methods for order reduction and balancing, blocking tech-
niques and special deflation strategies are discussed. This details will not give the periodic
QZ a different shape, but it is shown that they may result in a gain of performance and
reliability.

The second type of structure comes along with Toeplitz matrices, or, more general,
with matrices of low displacement rank. The concept of displacement leads to powerful
characterizations of a variety of n-by-m matrices whose entries are dependent on as few
as O(n + m) parameters [34, 40]. Although our main interest is focused on block Toeplitz
matrices, Chapter 2 starts with a general treatment of the block displacement concept.
This finally leads to efficient implementations of the generalized Schur algorithm for solving
linear equations and least squares problems involving block Toeplitz matrices. Again, this
methods are far from being novel [25, 40]. However, some details like blocking and pivoting
techniques are presented for the first time.
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X INTRODUCTION

Periodicity and displacement are not unrelated. Both arise from control theory, partic-
ularly from linear discrete-time systems. Moreover, block circulant matrices play a role in
in Section 1.4 when balancing periodic eigenproblems. Recently, an algebraic link between
matrix pencils and block Toeplitz matrices was established [12].

I have to say thank you to many friendly and respectful researchers for answering mails,
giving useful comments and sending unpublished reports. This list includes Peter Benner,
Lars Eldén, Georg Heinig, John Hench, Linda Kaufman, Bo Kagstrom, Kurt Lust, Karla
Rost, Vasile Sima, Michael Stewart, Paul Van Dooren, Charles Van Loan, Eric Van Vleck,
Andras Varga, David Watkins and Honggou Xu.

I am much obliged to my advisors, Ralph Byers and Volker Mehrmann, for help, sup-
port, travel funds, lots of opportunities and a nice Thanksgiving in Lawrence.



Conventions

We describe the not explicitly defined notation used in this thesis . The following conven-
tions are partly taken from [37].

Generally, we use capital letters for matrices, subscripted lower case letters for matrix
elements, lower case letters for vectors and lower case Greek letters for scalars. The vector
space of all real m-by-n matrices is denoted by R and the vector space of real n-vectors
by R . For matrix pencils, as defined in Chapter 1, A is the [-th matrix of the pencil and
a . the (i,7) entry in A .

Algorithms are expressed using a pseudocode based on the ! Jlanguage [48].
Submatrices are specified with the colon notation as used in : A(p: q,r: s) denotes
the submatrix of A formed by the intersection of rows p to ¢ and columns r to s. When
dealing with block structures even this convenient notation becomes a mess. For a matrix
A with uniquely specified block pattern A . denotes the i-th block row, A. the j-th block
column and A the (i, j) block of A.

The Kronecker product of two matrices is denoted by ®. The only nonzero elements of
the n-by-n matrix diag(aq,...,a ) are on its diagonal, given by ay,...,a . The direct sum
A & B is a block diagonal matrix with diagonal blocks A and B.

We make use of the floor function: |z | is the largest integer less than or equal to x.

The elementwise multiplication of two vectors is denoted by z. x y and the elementwise
division by z./y.

For a matrix A € R, the matrix |A| is equivalent to A only that all elements are
replaced by their absolute values. If not otherwise stated, then ||A|| denotes the spectral
norm of A, and x(A) = ||A]| - ||AT|| the corresponding condition number, where At is the
generalized Moore-Penrose inverse of A.

Special symbols:

1 The identity matrix of order n.
x Signature matrix, ¥ =1 @ (-1 ).
0 A zero matrix of appropriate dimension.
*  An unspecified part of a matrix.
e The i-th unit vector.

o Kronecker delta, 0 = Lt = J;

0 otherwise.
1 if S is true,

§(S) If S is a true-false statement then §(S) = 0 if S is false

MATLAB is a registered trademark of The MathWorks, Inc.

xi



xii CONVENTIONS

The unit roundoff, which in our computational setting is 2753, is denoted by u. The
cost of algorithms are measured in flops. A flop is an elementary floating point operation:
+,—,/ or . Only the highest-order terms of flop counts are stated.

We were fortunate to have access to the following computing facility:

Type Origin 2000
Processors 2 x 400 MHz IP27 R12000
Memory 16 gigabytes

Level 1 cache 32 kilobytes data and 32 kilobytes instruction cache per processor
Level 2 cache 8 megabytes combined data and instruction cache

According to its server name karl.math.ukans.edu, the computer is referred as karl.

All Fortran 77 programs were compiled with version 7.30 of the MIPSpro compiler with
options -n32 -mips4 -r10000 -TARG:madd=0N:platform=ip27 -0PT:01imit=0 -LNO.

The programs call optimized BLAS and LAPACK [2] subroutines from the SGI/Cray
Scientific Library version 1.2.0.0. We observed that the measured execution times of any
particular program with its particular data might vary by a few percent. Automatic paral-
lelization was not used, all programs were serially executed. Some numerical experiments
involve version 5.3 (R11).



Chapter 1

The Periodic QZ Algorithm

1.1 Introduction

A brief history of product QR algorithms It was 1965 when Golub and Kahan [29]
developed a method for computing the singular value decomposition (SVD) of a matrix A.
The algorithm implicitly applies a QR algorithm to A A working directly on the matrix
of A. This approach avoids loss of information implicated by the formation of A A, which
is a preprocessing step for naive SVD algorithms as described in [30, Section 8.6.2].

The generalized eigenproblem is concerned with computing eigenvalues and eigenvectors
of the product AB~! for some square matrices A and B. The so called QZ algorithm
is unaffected by a singular or ill-conditioned B matrix and was invented by Moler and
Stewart [51] in 1973. Again, the method works directly with the factors A and B rather
than forming the quotient AB~! explicitly.

Two years later, Van Loan [64] published an algorithm for solving eigenproblems related
to general products of the form A=*B~1C'D, which, of course, does not form the product.

Every unitary Hessenberg matrix of order n can be factored into n —1 Givens rotations.
A QR algorithm which exclusively involves these factors was presented by Ammar, Gragg
and Reichel [1] in 1985.

Finally, during the years 1992-94, Bojanczyk, Golub and Van Dooren [10] and Hench
and Laub [35] independently derived an algorithm for the numerically stable computation
of the Schur form of large general products like A; A, ' A3 Ay A; 1 A; 1 A7, To the best of our
knowledge, there exist 3 implementations of the so called periodic QZ algorithm, namely:

1. the SLICOT [7] subroutines MBO3VD and MBO3WD dealing with products of the form
A1A5A3 ... A | implemented by Varga,

2. FORTRAN 77 routines for the same kind of products developed by Lust in the
context of bifurcation analysis and Floquet multipliers [46],

3. the Periodic Schur Reduction Package by Mayo and Quintana [49] for more general
products A; A, A3 AL A .

What is the benefit from product QR algorithms ? The backward error analysis of
two different methods for computing the eigenvalues of a matrix product AB is illustrated
in Figure 1.1.
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+A00( )

Figure 1.1: Backward errors for the eigenvalue computation of matrix products.

The first method reduces A and B to upper triangular form by using orthogonal trans-
formations as in the periodic QZ algorithm. Then AB is also upper triangular and the
eigenvalues are obtained by multiplying the diagonal elements. Since the periodic QZ
is backward stable, the computed eigenvalues A + As\ are the exact ones for a product
(A + A A)(B + A B), where ||[AAl| ~ ul|A|| and ||A1B|| = u||BJ|. Thus, the error in
the computed eigenvalues cannot be much larger than errors already induced by roundoff
errors in the input data.

For the second method, which explicitly forms AB and computes its eigenvalues by a
backward stable algorithm, the situation is different. Errors in the computed eigenvalues
A+ A\ correspond to a slightly perturbed product AB + Ay(AB), where ||[Ay(AB)]| &~
u||AB||. However, it is well-known that small errors in a product of two matrices do not
necessarily correspond to small backward errors in its factors. Hence, at least one of the
quantities |[As Al or [[AsB|| can be much larger than u||A|| or u||B||, respectively.

As a conclusion, the main benefit from using product QR algorithms is backward sta-
bility.

Example 1.1 (adapted from [30, Example 5.3.2])
Given two matrices

1 Vau
A= 1 0
0 0

o OO

0 11
Ji , B= Ja 0
0 0 Jau

where the eigenvalues of AB are given by (2 + u,u,0). The computed product is

1
fi(AB) = 1
0

O ==
o O O
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Now, a call of the function eig gives eigenvalues (2,0,0) which are exact
for fil(AB). On the other hand, the periodic QZ algorithm reveals the more accurate
eigenvalues (2, u,0).

This can be explained by considering the backward errors. Although
[82(AB)| = |AB — i(AB)[| = u

is small, we cannot propagate the error matrix As(AB) back to small perturbations
in A or B. In fact, for any perturbation which satisfies fl(AB) = (A+2AyA)(B+2A2B)
we have ||AxA|l > y/u or ||AsB]| > /u.

1.2 Matrix pencils

We are concerned with general products of the form

Ai = A11A22...Ak, (1.1)

=1
where s € {—1,1} and s = 1,...,k. Since the following considerations do also hold for
cases where, due to singular factors associated with s = —1, the product (1.1) does not

exist, it is more appropriate to keep up with the notion of matrix pencils.
Definition 1.2 A k-matrix pencil (A, s) is defined by

1. a k-tuple A of n x n matrices (A1, As, ..., A ) and
2. a signature tuple s € {—1,1} .

An arithmetic for such pencils can be found in Appendix A.
The periodic Schur form of a given pencil (A,s) is obtained via a k-tuple Q of
unitary matrices such that

Q AQ( mod )41, for s :]-7

R = Q( od )+1A (), otherwise, (1.2)
is upper triangular for 7 = 1,...,n. To simplify notation we write (R, s) = Q(A, s) instead
of (1.2).

For real matrix pencils we would like to find orthogonal matrices ) such that
A mo Y f = 17
R= @ AQCma i, fors (1.3)

Q( mod )+1A @ ., otherwise,

are all upper triangular except one of them which might be quasi upper triangular. (1.3)
is the so called real periodic Schur form.

The periodic Schur form is a generalization of two famous special cases: k=1, s; =1
yields the Schur form of a square matrix A and & = 2, s; = 1, so = —1 corresponds to the
generalized Schur form of a matrix pencil A — AB.

Proofs for existence as well as numerical methods for computing the periodic Schur
form (1.3) were introduced in [10, 35]. Note that the proof given here is quite different
from these approaches and follows the lines of Van Loan [64].
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Theorem 1.3 For every k-matriz pencil (A, s) there exists a k-tuple Q of unitary matrices
such that Q(A, s) is in periodic Schur form (1.2).

Proof: First assumethatall A,7=1,...,k are invertible. By the Schur decomposition
[30, Theorem 7.1.3] there exists a unitary matrix @; such that

R=QQ, AT

=1
is upper triangular. Now, after application of the procedure
fori=Fk:—-1:2do

Apply a QR/RQ factorization such that A = g

Ale s 1=1,
QA,l 8,1:—1.

R, s =1,
Q . s =-1.

Update A _{ =
end

we have defined all necessary ) of a unitary k-tuple Q. Setting (R,s) = Q(A,s)
the above procedure provides upper triangular R for ¢ = 2, ..., k. Note that R; can
be written as a product of upper triangular matrices, namely

Ry=RR *R ' . Ry’

We have thus proved the decomposition in the case when our pencil consists of
nonsingular matrices. We can nevertheless proceed without this restriction. For
general (A, s)let A =US,i=1,...,k, be the QR factorization of A where S has
nonnegative diagonal elements. If

1
All=U s+ -1
m

then it follows that |[Al | — A || = 0 for m — oo and that for every positive integer
m, rank ALl = . Let us define
AT =qaAb DAl f Al Ty,

then by the first part of the proof, we can find unitary k-tuples Q! ! such that each
pencil QI (Al !, 5) consists of upper triangular matrices. Using a C * version of the
Bolzano-Weierstrass theorem (see [73, p. 105]) repeatedly, we find a subsequence
{m } of the positive integers such that Q! i/ converges to a unitary k-tuple Q. This
construction enforces the subdiagonal entries of Q(A, s) to be zero. 0

Remark 1.4 For our further considerations we will sometimes assume that s; = 1. This
is justified by the following observation.
If there exists an index 7 such that s = 1 then we may consider the reorderd pencil
(AO), s0)) with

AV = (A A 4, A AL A L) (1.4)
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and

s = (5,8 11,...,8 ,81,....5 _1). (1.5)
Since (Q(A,s)) ) = Q0)(AL), 50)), the periodic Schur decomposition of (A),s())
also supplies that one of (A, s), and vice versa.

In the case of s = (—1,—1,...,—1) we consider the pencil (AY, s(-1) with
ATV = (A A 4, . A) and sV =(1,1,...,1).
Now, we get the Schur form of (A, s) by the identity
(Q(A,s) ! = o= >(A(‘1), 8(—1))7
where Q- ) = (Q1)(),

As already seen in the proof of Theorem 1.3 there is a close relationship between the
Schur form of general products of matrices and the periodic Schur form.

Lemma 1.5 Let (A, s) be a k-matriz pencil and Q unitary such that Q(A, s) is in periodic
Schur form. Under the assumption that each A with s = —1 is nonsingular, all the
following products are in upper triangular form

Q AAN AFANL AT j=1,....k (1.6)

I

Proof: The term (1.6) is equivalent to

Q A'Q 1Q JAHQ 12...Q AFQ1Q A)'Qy...Q AT g=1... k.

From (1.2) we know that this is nothing but a product of upper triangular matrices.
0

However, in general the converse of Lemma 1.5 is not true. Since the diagonal elements
of (1.6) are invariant under commutation all products must have the same eigenvalues.
But only under the assumption that these values are distinct and appear in the same order
on the diagonal of (1.6) the uniqueness of the Schur form and Lemma 1.5 guarantee that
Q(A, s) is in periodic Schur form.

The following definition of eigenvalues is chosen in a way so that if the associated
product does exist then its eigenvalues are equivalent to those of the matrix pencil.

Definition 1.6 Let (R,s) = Q(A,s) be in periodic Schur form. If there is no integer j
such that the product — _;r ', becomes undefined we call (A, s) regular and other-
wise singular. For a reqular pencil and an integer j,

1. if allr , corresponding to s = —1 are nonzero we callA = _;r ' a finite
eigenvalue of (A, s), and

2. if somer ., corresponding to s = —1 is zero then (A, s) has an infinite eigen-
value A = co.
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Singular pencils are most often pathological cases. The following example shows that in
these cases the periodic Schur decomposition does not yield a proper definition of eigen-
values.

Example 1.7 Let

2 1 0.5 1

(A, s) = 00 ' 0 0 AL -1}

in periodic Schur form with eigenvalues (4,0/0). By permutations, (A, s) becomes

1 05

p _ 1 2 B
(A78)_ 0 0 ) 0 0 7{1a 1} )

where the eigenvalues are given by (1,0/0).

Hence, we need to separate the singular and the regular parts beforehand. Recently,
techniques were developed to achieve this goal by reducing the matrix pencil to block
diagonal form [44].

The eigenvalues of products or quotients of two symmetric positive definite matrices
are always real and positive [30, Section 8.7]. Another example shows that this property
gets lost for larger products.

Example 1.8 Consider the 3-matrix pencil

13 —16 52 40
(A s) = 16 20 -2 1 o1 WoLL
The orthogonal tuple
1 -3 4 1 1 -1 1 -3 —1

Q:54—3’E11’\/ﬁl—3

transforms (A, s) to periodic Schur form,

1 25 231 1 =5 12 1 8 9
Q(A.5) = .

52 0 8 5 0 -1 10 O

Hence, the eigenvalues of (A, s) are both —4. Note that all matrices of the pencil are
symmetric positive definite.

We can introduce a norm on k-matrix tuples via

IA[] = max [lA ] (1.7)

where ||A || can denote one of your favorite unitarily invariant matrix norm like || - ||2 or
|| - |l . As in the matrix case orthogonal transformations do not alter the tuple norm,
in particular we have for an orthogonal (resp. unitary) tuple Q that |R|| = ||.A|| where
(R,s) = Q(A,s). Furthermore, continuity of eigenvalues may be extended to matrix
tuples.
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Lemma 1.9 For a sequence of k-matrixz pencils (A ,s) let (A ,s) — (A, s) where (A, s) is
reqular. Then the eigenvalues of (A ,s) converge to those of (A, s).

Proof: By Theorem 1.3 we can assume that (A, s) is in upper triangular form. Using
the Frobenius norm yields for the diagonal entries of (A ,s) that there exist complex
numbers r . so that

r():—H“:, l=1,....k,

where 7' ): is the (j, j)-entry in the [-th matrix of the pencil (A ,s). Thus, the entries

in the strictly lower triangular parts of (A ,s) will certainly converge to zero. Now,
the regularity of (A, s) implies

where A denotes the j-th eigenvalue of (A, s). O

Remark 1.10 Note that Lemma 1.9 does not hold for singular pencils. E.g., consider the
sequence

R A A AR

which converges to a singular pencil. However, the eigenvalues of (A ,s) obviously

converge to {1,1}.

The periodic eigenvalue problem may also be studied via an inflated generalized eigen-
value problem [45, 44]. Let us consider

where
(I ,A), ifs =1,

(BC)=" (A1) ifs =-1.

The 2k-matrix pencil
(Z2,s )=({B.C,....B,C}{-1,1,...,—-1,1})

times

may be reformulated as a block matrix with k-matrix pencils as entries, namely

where the pencils (A(),s()) are as defined in Remark 1.4. Hence, we get the following
result.
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Corollary 1.11 [45] Let (A,s) be a regqular k-matriz pencil of n x n matrices with r
eigenvalues. Then the generalized eigenvalue problem B — AC' as defined in (1.8) has
rk eigenvalues i wheret=1,...,7 and j =1,...,k so that

1. p are the k-th roots of X if A s finite, and
2. p =o0if A =o0.

The LAPACK implementations of the QR and QZ algorithms are preceded by permu-
tations to eventually isolate eigenvalues and (optionally) by diagonal similarity transforma-
tions to make the rows and columns of the involved matrices as close in norm as possible.
While the first enhances efficiency for certain matrices, the latter attempts to improve the
relative accuracy of the computed eigenvalues. The generalization to periodic eigenvalue
problems is presented in a style close to the paper of Ward [70].

1.3 Order Reduction

For some factors A;, As,..., A it is possible to reduce the problem of computing the
periodic Schur form (1.2) by solely using row and column permutations.
That is, determine permutation matrices Py, P, ..., P such that
A1 Ay A
PAP, = 0 A1 Aoz
0 0 A33; 1

2
Ao Aggo Auso

PARP, = 0 Ao Ao (1.9)
0 0 Ass o

All; AIQ; A13; §
P A kpl == 0 A22; A23; )
0 0 Az
where A1, and Ags. are upper triangular matrices for ¢« = 1,..., k. Now, the computa-

tional part of the reduction to periodic Schur form can be restricted to the subpencil in
the middle,

(AQQ,S) = ({Agg;l, . 714.22; },8).

First, we want to limit the variety of signatures arrays. By introducing identities,
it can be assumed that each signature s = —1 is proceeded by s ; = 1. For a pair
{s.s41} = {—1.1}, the matrices PA P, and PA ;1P _; are in upper block triangular
form (1.9) if and only if P (|]A |+ |A 41|)P 4 is in upper block triangular form. Hence, we
can assume w.l.o.g. that s = (1,...,1).

For k = 2, the existence of two permutation matrices P; and Pj such that Py|A;||As| P,
is block upper triangular is a necessary but not sufficient condition for the existence of a
permutation matrix P, such that P,A;P, and P,A;P, are both block upper triangular.
This fact can be used for the order reduction algorithm.



1.3. ORDER REDUCTION

Let B be defined as
B = |A]|As| .. |A|, i=1,...k,

then the following order reduction algorithm is proposed:

1. Find all possible integers p(l), j =1,...,1, such that, after a swap of rows p(l) “n

and columns p(l) < n (from now on denoted by (p(l),p(l))) , the last row of B has
only one nonzero element at the n-th position.

2. For each p(l) the possibility to reveal such a row in the updated factors B _; and
A is tested. For example the product P1B P, = (PiB _1)(|A |P,) could have the

form
X X X X X X X X X X X X
X X X X X X X X X X X X
X X X X X X X X X X X X
0O 0 0 0 0O 0 0 O X X X X
or
X X X X X X X X X X X X
X X X X X X X X 0 0 0 x
X X X X X X X X X X X X
0 0 0 x 0 x 0 O X X X X

In the first case there does not exist an inner permutation which annihilates the last
rows of B _; and A besides the (n,n) element. However, in the latter there exists

such a permutation, namely pg ) = 3. In the matrix product
X X X X X X X X 0 0 0 x
X X X X X X X X X X X X
X X X X X X X X 0 0 0 x
0 0 0 O 0 0 0 O X X X X
we encounter pg ) =1 and pg ) =3 as possible inner permutations.
In general, each p(l) corresponds to a set S = {p( ) | i=1,...,1 } of suitable inner

swaps, that is, for the corresponding permutation matrices P; and P , the first n — 1
entries in the last rows of the matrices B _41P and P A P, are zero.

3. This gives us for each p'*) exactly card(S ) different inner permutations. If
card(S ) = 0,
=1

then the matrix pencil cannot be reduced. Otherwise the same test is applied to the
product B 5 -|A |, now for the at most n? different row/column swaps

p(l)’p() 9 p()esﬂj:]‘7"'7l'
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4. This procedure is recursively applied to the products
B 3-|A 5], B _4-|A _3],....

If there is a suitable inner perturbations for the last product |A;| - |As|, then we
succeeded in reducing the order by one, that is, the permuted product will look like

X x x| x X X x| x X X x| x
X X X | x X X X | % X X X | x (1.10)
X X X |x X X X |x X X X |x
0 OO‘X 0 O U‘X 0 O U‘X

Note that the complexity of the tests will not explode; the cardinality of outer row /
column swaps is bounded by n?. If the tests are efficiently implemented, we get an overall
complexity of at most O(kn?), which is low in comparison with the benefits from an order
reduction.

Example 1.12 Let

1000 1001 1 000
0 00O 0110 1 000
A= 9001 ™ 0001 "M go000 ¢
10 00 10 00 0000
then
100 1 10 00
0 00O 0000
B2= 19000 BT 1000
1001 10 00
Possible outer permutations are pgl) = 1 and pél) = 2. The corresponding sets of

inner permutations for the product B, - |Az| are given by & = {0} and S, = {3, 4}.
The permuted factors of |A;| - |As| for each of the 2 possible row/column swaps are
shown below.

1000 1010
1000 0101
(2.3): 0001 0010
0 00O 1 000
1 000 1 001
1 000 0110
(2.4): 0001 0001
0000 1000

Only for the row/column swap (2,4) it is possible to find an inner permutation,
namely 3 < 4.
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Hence, by swapping rows 2 <+ 4, columns 3 <> 4 of Ay, rows 3 <> 4 of A; and columns
2 <+ 4 of Ay, we have derived the reduced problem

A

After having reduced the problem dimension by one, we can repeat the algorithm for
the north west blocks in (1.10), which finally yields the blocks Ass. 1, Ass;2,..., Ass, in
(1.9).

The Ai1,1, A11,2. ..., A11; blocks are obtained by the same method only that we now
(implicitly) consider the pencil

{PA P,PA _,P,...,PAP}{1,....1}

where P is the identity matrix, flipped from the left to the right.

1.4 Balancing
As a rule of thumb we have
Forward error = Condition number x Backward error.

Thus, in order to obtain accurate eigenvalues, the backward error of the implemented
method as well as the conditioning of the problem must be small. The aim of this section
is not to reduce the backward error (the periodic QZ algorithm is already backward stable)
but the condition numbers of the eigenvalues. Such condition numbers can be found
in [8, 45].

Example 1.13 Consider the matrix pencil (A, s) = ({ A1, Aa, A3, Ag},{1,-1,1,—1}) with

5—26 3—14 6—16 6—28 3—16 5—18
Al — 6—06 2—1—06 3-I—04 7 AQ — 7—09 3—1—03 7—1—01 7
4716 2704 5706 6723 3711 3713
g-02 -24 -1l 9+00 4-22 g-09 !
Ay = 5HT 505 gH0S 4 7420 902 gll ’
3+03 4719 7706 4+10 6712 7+01

where the signed integer superscript at the end of a number represents its decimal
exponent. Eigenvalues and associated condition numbers are tabulated below.

Eigenvalue 2.88728 0.39941 0.07459
Conditon number 4.32 x 102 1.77 x 10?* 2.59 x 10%!

Not surprisingly, the periodic QZ algorithm completely fails to reveal any relevant
information about the eigenvalues.
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[ll-conditioning, caused from matrix entries of widely varying magnitudes, can be re-
moved by a preceding balancing step. For positive definite diagonal matrices D , D , D |,
D the eigenvalues of the matrix pencils

({AvBaCaE}aS)a S:{la_lala_l}a
and

({D AD ,D BD ,D CD ,D ED },s) (1.11)

are equivalent. Different sign patterns do not pose a problem; if for example s5 = 1, then
in the following discussion B can virtually be replaced by the matrix

B=1b = 5(b 7éo)-bi :

=1
=1

where for 0- 0o situations the formal term 6(b # 0)/b is defined to be zero. The diagonal
transformations should reduce the condition numbers and thus improve the accuracy of
the computed eigenvalues. However, minimizing the conditioning of the periodic eigenvalue
problem is certainly an unrealistic goal. On the other hand, reducing the magnitude ranges
of the elements in the factors seems to be reasonable.

Analogously to the generalized eigenvalue problem [70], the balancing step can be for-
mulated as the solution of an optimization problem. Let o, 3,y and ¢ denote the binary
logarithms of the i-th diagonal entries in the corresponding diagonal matrices. Then one
wants to minimize the expression

S(a,B,7.6) = (o +8 +logyla >+ (v +8 +logy|b |)? (1.12)
+(y +& +logyle )2+ (o +& +logyle |)%

By differentiation an optimal point (a, 3,7, §) satisfies the linear system of equations

F(E,A) H(A) 0 H(E) e! row(A) + row(F)

H (A) G(A,B) H (B) 0 B _ _ col(B)+col(A) (1.13)
0 H(B) F(B,C) H(C) y row(C) +row(B) '

H (E) H (C) G(C,E) 3 col(E) + col(C)

where the notation is as follows:

1. F(X,Y) (resp. G(X,Y)) is a diagonal matrix whose elements are given by the
number of nonzero entries in the rows (resp. columns) of X and Y,

2. H(X) is the incidence matrix of X,

3. row(X) (resp. col(X)) is the vector of row (resp. column) sums of the matrix

5(56 7é O) ’ 10g2 |£C | =1
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It can be shown that the linear system (1.13) is symmetric, positive semidefinite and
consistent. However, the system is of order kn. Thus, a solution via an SVD or rank
revealing QR factorization requires O(k3n?) flops which is unacceptably high in comparison
with the periodic QZ algorithm which only requires O(kn?) flops.

We rather propose to use a generalized conjugate gradient (CG) iteration as in [70]. In
the following discussion we drop the assumption & = 4 and consider pencils of arbitrary
length £ > 2. To reduce the number of iterations in the CG it is crucial to find a suitable
preconditioner. For this purpose we assume that all the matrices in (A, s) are completely
dense. Then the system matrix in (1.13) is given by

M = 2nl +(M -2 )Ree (1.14)
where M 1 is, for even k, the k-by-k circulant matrix with first row [2 1 0 ... 0 1],
or, for odd k, the skew circulant matrix with first row [2 1 0 ... 0 — 1] and e is the

n-vector of all ones.

To be successful as a preconditioner, the application of the Moore-Penrose generalized
inverse M to a vector should not be expensive. Indeed, for x € R the product Mtlx
can be formed within O(k) operations by using an incomplete Cholesky factorization which
exploits the underlying sparsity structure.

The following lemma shows that forming M z for z € R only requires O(kn) flops.

Lemma 1.14 The Moore-Penrose generalized inverse of the matric M as defined in
(1.14) is given by

1 n 1
— T
X —n2 5] + M 1—51 ®€€

Proof: We prove that X  satisfies the four Moore-Penrose conditions

M X M =M (
X M X =X | (1.
M X ) =M X | (
(X M ) =X M (
Then it readily follows that X = M' [30. Section 5.5.4].

We have
1 i 1
M X = ] + — 2M1+§M1—2I X ee
n

1 1
+E(M 1 — 21) MT1—§I ®e(e e)e

1
=1 +— M M, -1 ®ece,
n
and analogously,
X M =1 +- M M,-1 ®ee

=7 +- M M, -1 ®ee =M X |,

S|I=3|~
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where we used Kronecker product properties, the symmetries of M |, M' , and the
Moore-Penrose condition (1.17) for M ;. The symmetries of M and X  imply

M X ) =X M =X M =(X M ),

and thus prove (1.17) and (1.18). Condition (1.15) follows from
1

M X M = T += M M, -1 ®e 20 +(M ,—2])Qee
n

= 2nl + MlMt1M1—2I ® ee
= 2nl + (M 1—-2] )®ee =M |,

where the Moore-Penrose condition (1.15) for M ; has been stressed. Condition
(1.16) is shown analogously, which completes the proof. 0

If the factors of a periodic eigenvalue problem are reasonable dense, it can be expected
that the preconditioned CG iteration converges after a few, say 2 - 3, iterations and the
balancing procedure is with an overall complexity of O(n?k) a cheap way to improve the
accuracy of the computed eigenvalues.

Example 1.15 For (A, s) as in Example 1.13 the binary logarithms of the optimal scaling
parameters are given by

a= 363 —300 3.14 , B= 476 8.85 147
y= 427 —204 265 ., &= -—388 347 —8.96

The eigenvalues of the balanced product are substantially less sensitive as shown

below.
Eigenvalue 2.88728 0.39941 0.07459

Conditon number 2.49 4.40 3.44

Now, the periodic QZ algorithm computes eigenvalues nearly to machine precision.

1.5 Hessenberg-Triangular Form

Now, being well prepared for the periodic QZ algorithm, we start the struggle, typical
for QR like algorithms, with some kind of Hessenberg form. The following definition is a
generalization of the Hessenberg-triangular form for 2-matrix pencils [30, Section 7.7.4].

Definition 1.16 The k-matriz pencil (A, s) is in upper Hessenberg-triangular form
if all matrices A, i = 1,...,k, are upper triangular except one which might be in
upper Hessenberg form.

Often these forms only serve as intermediate goals for computing invariant subspaces
or eigenvalues. However, for solving linear matrix equations, Hessenberg forms are more
preferable than their Schur counterparts, leading usually to faster algorithms [16, 26]. In
the following, we discuss some computational aspects of this decomposition.
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1.5.1 Unblocked Reduction

We present 2 different algorithms to compute the periodic upper Hessenberg form. Algo-
rithm 1.17 is a generalization of the 2-matrix pencil case [30, Algorithm 7.7.1]. Algorithm
1.18 is a combination of two algorithms proposed in [10].

Algorithm 1.17 Given a k-matrix pencil (A,s) with A € R * (resp. C* ) and s; =
1, the following algorithm overwrites A with an periodic upper Hessenberg pencil
Q(A, s) where @ is orthogonal (resp. unitary) fori =1,... k.

% Step 1: Transform (As, ..., A ) to upper triangular form
fori=%k:-1:2do

Apply a QR/RQ factorization such that A =

Update A = R and A _; = gjf_l ij ; 1_1
end
% Step 2: Transform Ay to upper Hessenberg form
for j=1:n—-2do
fori=n:-1:7+2do
lc, s] = givens(A;(l —1,7), A1(L, §))

1 $S1

Ai(l—=1:1,7:n)= s e Ai(l—=1:1,7:n)
=51 G
Propagate the rotation successively through A ;A _;,..., As.
Af(liml—1:0)=A(1:nl—1:7) = 2
—S9 Co
end
end

The main computational burden in Step 2 of Algorithm 1.17 is the application of
Givens rotations. This might not always be favorable, especially if the pencil contains long

subproducts with signature (1,...,1). It is possible to replace rotations by Householder
transformations for a certain subset S C {1,...,k} which is defined as
S={lell,....k] : s =1} (1.19)

Note that the following algorithm does also work with each subset of & which contains 1.
Furthermore it reduces to Algorithm 1.17 if S = {1}.

Algorithm 1.18 Given a k-matrix pencil (A, s) with A € R * (resp. C * ) and s; =
1, the following algorithm overwrites A with an periodic upper Hessenberg pencil
Q(A, s) where @ is orthogonal (resp. unitary) fori=1,... k.

1. Choose S as in (1.19) and let sy, = max{k € S}.

2. Transform all matrices A with & ¢ S to upper triangular form.
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3. Transform the remaining matrices to upper triangular resp. upper Hessenberg
form:
for j=1:n-1do
for | = s, : —1:2do
if [ € S then
Householder
Annihilate A (j +1:n,j) by  reflections
Givens rotations otherwise.
Apply last transformation to A ;.
else
A is already upper triangular, push the Givens rotations through
A as in Step 2 of Algorithm 1.17.
end
end

ifl—1,1€8,

o ) . Householder reflections if k = spax,
Annihilate Ay(j +2: n.j) by Givens rotations if k& # Smax.
forl=F%k:—-1:5,.«—1do
A is already upper triangular, push the Givens rotations through
A asin Step 2 of Algorithm 1.17.
end
Apply last transformation to A .

end

Example 1.19 Let us demonstrate Algorithm 1.18 for a matrix pencil with n = k = 4
and s = (1,—1,1,1).

The first step is to transform A, to upper triangular form which alters A;:
-1

X X X X X X X X X X X X X X X X
X X X X 0 X x X X X X X X X X X
X X X X 0 0 x x X X X X X X X X
X X X X 0 0 0 x X X X X X X X X

Now, we choose a Householder reflection from the left to annihilate A4(2 : 4,1) which
recombines all columns of As:
-1

X X X X X X X X X X X X X X X X
X X X X 0 X %X X X X X X 0 X %X X
X X X X 0 0 x x X X X X 0 x X X
X X X X 0 0 0 x X X X X 0 x X X

We cannot apply the same procedure to A; as long as we want to preserve the

triangular shape of Ay. Using a Givens rotation to annihilate the (4,1)-element in

Az and propagating this transformation over A to A; yields the following diagram:
-1

X X X X X X X X X X X X X X X X
X X X X 0 x x x X X X X 0 x X X
X X X X C 0 0 x x C X X X X 0 x X X
X X X X 0 0 x x 0 x X X 0 x X X
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a 2 .
X X X X X X X X X X X X X X X X
X X X X 0 x x x X X X X 0 x X x
X X X X 0 0 x x X X X X 0 x X x
X X X X 0 0 0 x 0 x X X 0 x X X

Continuing this process for the elements (3,1) and (2, 1) gives:
X X X X X X X X 1 x X x x X X X X
X X X X 0 X %X X 0 X %X X 0 X %X X
X X X X 0 0 x x 0 x X x 0 x X x
X X X X 0 0 0 x 0 x X x 0 x X x

Again, we are allowed to use a reflection from the left to zero A;(3:4,1). Note that
the corresponding transformation on A4 does not destroy the zero structure:

-1

X X X X X X X X X X X X X X X X

X X X X 0 x X x 0 x X x 0 x X x

0 x X X 0 0 x x 0 x X x 0 x X x

0 x X X 0 0 0 x 0 x X X 0 x X x
Applying this algorithm to the submatrices A (2:4,2:4) and A (3:4,3:4) finally
yields:

X X X X X X x X ' x o x o x x X X X X

X X X X 0 X %X X 0 X %X X 0 X %X X

0 X X X 0 0 x x 0 0 x x 0 0 x x

0 0 x X 0 0 0 x 0 0 0 x 0 0 0 x

Flop Count The number of flops needed by Algorithm 1.18 depends on the structure
of the signature array s. Alternating signature arrays like (1, —1,1,—1,...,1,—1) need a
lot of Givens rotations while the Hessenberg form of pencils with s = (1,1,...,1) may be
computed with the exclusive usage of Householder reflections. In Table 1.1 we list flop
counts for 3 differently structured signature arrays:

s o= (1,...,1)
" times
s = (1,-1,...,1,-1)
2 times
s® = (1,...,1,-1,...,-1)
+ times - times

Note that the efficiency of Algorithm 1.17 does not depend on the structure of the
underlying signature array. However, Table 1.1 tells us that the costs of this algorithm are
always greater or equal than those of Algorithm 1.18. Reality, i.e. execution time, might
tell a different story though. This topic is discussed in Section 1.5.4.
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S # flops # flops
Algorithm 1.17 without @  Accumalation of Q
1 197.3 4.3 1373 7.3
st Shkn® —3n Shkn® — gn
52 %krﬁ — %n:” %krﬁ - §n3
53 %(/f’ +k7)n® — §n3 %(/f’ +k7)n® — §n3
Algorithm 1.18 without @  Accumalation of Q
s(1) Dkn? skn®
s Y kn? 2kn?
3 10 3, 197-.3 , 5.3 4 3, 137.—.3 , 2

Table 1.1: Flop counts for reducing a k-matrix pencil of n-by-n matrices to Hessenberg-
triangular form.

1.5.2 Blocked Reduction to Upper r-Hessenberg-Triangular Form

Based on the algorithms for the reduction to upper r-Hessenberg-triangular form of 2-
matrix pencils by Dackland and Kagstrom [21] it is quite straightforward to formulate
blocked versions of the periodic Hessenberg reduction. Introducing matrix-matrix oper-
ations in Step 3 of Algorithm 1.18 allows us the efficient usage of level-3 BLAS in the
updates of A and, if requested, also in the transformation matrices ) . Roughly speaking,
bunches of Givens rotators are replaced by QR factorizations of 2r-by-r matrices resp. RQ)
factorizations of r-by-2r matrices where r denotes the block size. All occuring Householder
reflections are blocked. That is, we take a product of » Householder matrices,

Q = (I + frvrvy )(I + Bavavy ) ...(I+Bvw ),

and represent them as one rank-r update. For this purpose, two matrices W, Y € R  are
constructed so that @ = I+ WY [30, Algorithm 5.1.2]. The application of @) to a matrix
C € R is now rich in level-3 operations, @ C =C +Y (W C).

Let us demonstrate this concept for the case k = 4,n = 9 and s = {1,—1,1,1}. The
block size r is chosen as 3.

As in example 1.19 the first step consists of transforming A, to upper triangular form.
Now, A4(:,1: 3) is triangularized by three Householder reflections. Their WY representa-
tion is applied to the remaining part of A4 as well as the matrix As.

A blocked QR factorization triangularizes As(4 : 9,1 : 3) which introduces nonzeros in the
lower triangular part of Ay(4:9,4:9).
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This part is immediately annihilated by an appropriate RQ factorization.

w

Repeating the procedure for Az(1:6,1: 3) yields the following pattern.

Now, blocked Householder reflections make A;(:,1: 3) upper triangular.
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Repeating this procedure for the subpencil A(4 : 9,4 : 9) finally leads to the so called
upper r-Hessenberg-triangular form.

It should be noted that the fill-ins in A, overlap for consecutive iterations. Hence, in an
actual implementation we use R() iterations of size r x 2r to annihilate fill ins except the
last one in each block column.

1.5.3 Further Reduction of the r-Hessenberg-Triangular Form

The second stage is to annihilate the remaining r — 1 subdiagonals in the block Hessenberg
matrix. We can solve this problem by a slight modification of Algorithm 1.17.

Algorithm 1.20 Given a k-matrix pencil (A, s) with A; in upper r-Hessenberg and A,
..., A inupper triangular form, the following algorithm overwrites A with an upper
Hessenberg-triangular pencil.

for j=1:n—-2do
for | = min(j +r,n): —1:5+2do
[Cl, 81] = givens(Al(l — 1,j), Al(l,j))
Al-1:15:n)= 5 A4(1-1:17:n)
—S51 G
fori=1:r:ndo
Propagate the (c1, s1) rotation successively through A ;A q,..., As.
m = min(i + r,n)
Al imyi—1:d)=A(1imyi—1:4) 2 %2
—S2 (2
if (i +r <n) then
[c1,51] = givens(A (i +7r —1,i — 1), Ay (i +r,i— 1))
Afi+r—1:i+ri—1:n)=...
€1 S1
=5
end end end end

A(i+r—1:i+ri—1:n)
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Note that Algorithm 1.20 reduces to the second step of Algorithm 1.17 if » = n. The main
drawback of this algorithm is its memory reference pattern. For each element in column j
every r-th row pair and column pair of the matrices A;, ..., A are updated, which results
in unnecessary memory traffic. Again, Dackland and Kagstrom [21] developed a blocked
algorithm, the so called super sweep, which increases the data locality in each sweep of
Algorithm 1.20 for 2-matrix pencils. And again, there is a straightforward generalization
to the k-matrix pencil case. The main ideas can be summarized as follows:

1. All » — 1 subdiagonal elements in column k are reduced before the nonzero fill-in
elements are chased.

2. A so called supersweep reduces m columns of A; per iteration in the outer j loop.

3. The updates of the matrices A,..., A are restricted to r consecutive columns at a
time.

1.5.4 Performance Results

An extensive performance analysis was applied to the Hessenberg-triangular reduction of
2-matrix pencils ({A4;, A5'}, {1, —1}). Table 1.2 shows the corresponding execution times
on karl for the initial reduction of A, to triangular form (TRIU) and the reduction of A; to
Hessenberg form by the LAPACK routine DGGHRD and the FORTRAN 77 routines PGGHRD,
PGGBRD. The last routine employs blocked algorithms as described in Sections 1.5.2 - 1.5.3,
and is tabulated for different block sizes r.

Two aspects are rather surprising. The routine PGGHRD, designed for general pencils, is
always significantly faster than DGGHRD, specifically designed for the 2-matrix pencil case.
For what reason 7 It seems that swapping the two inner loops of the Hessenberg-triangular
reduction algorithm results in an increased workspace requirement of O(n) and in a gain
of performance. The second aspect is not that pleasant. Although we have time savings
of up to 60% when using the blocked algorithms, this figure is far below the 75% reported
in [21]. The reason is not clear yet.

Optimal block sizes r are always in the interval [64,128]. The order of the problem
should be greater or equal than 256, otherwise PGGBRD can be, though not drastically,
slower than PGGHRD.

Some interesting facts are hidden in Table 1.3, which shows timings for inverse free
2-matrix pencils. An initial reduction of A, to triangular form is never advisable, that is,
Algorithm 1.17 is considerably slower than Algorithm 1.18. Furthermore, the timings are
approximately 20% below those listed in Table 1.2.

Finally, results for the 6-matrix pencil

(-’4’ 8) = ({A17A27A37A4a A5a Aﬁ}a {]-7 ]-a ]-7 ]-a ]-7 ]-})

are summarized in Table 1.4. Since the saved time ratios tend to be invariant under changes
of k, we stop listing further benchmarks results.
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w /0 accumulating Q accumulating Q
n r TRIU DGGHRD PGGHRD PGGBRD TRIU DGGHRD PGGHRD PGGBRD
256 4 0.3 1.9 1.6 3.1 0.5 4.0 2.7 5.2
256 16 2.0 3.3
256 64 1.8 2.9
256 128 1.7 2.3
512 4 2.9 45 34 32 4.3 61 45 47
512 16 19 30
512 64 16 25
512 128 16 25

1024 4 24 432 408 359 36 537 456 510

1024 16 208 319
1024 64 171 272
1024 128 176 266

2048 4 265 4576 4474 4500 408 5561 5431 6667

2048 16 2496 5114
2048 64 2216 3593
2048 128 2322 3572

Table 1.2: Execution times in seconds for the Hessenberg reduction of A;Ay".

W /o prior reduction of A, With prior reduction of A,
r  PGGHRD PGGBRD Saved time r  TRIU PGGHRD PGGBRD Saved time
4 365 215 40% 4 22 407 360 11%
16 174 52% 16 194 52%
64 137 62% 64 167 59%
128 146 60% 128 165 59%

Table 1.3: Execution times in seconds for the Hessenberg reduction of A; A, with n = 1024.

W /o prior reduction of A,, ..., Ag With prior reduction of A,, ..., Ag
r  PGGHRD PGGBRD Saved time r TRIU PGGHRD PGGBRD Saved time
4 1047 671 36% 4 112 949 918 3%
16 547 48% 16 031 13%
64 408 61% 64 444 53%
128 560 47% 128 560 41%

Table 1.4: Execution times in seconds for the Hessenberg reduction of A;A; A3 AyA5Ag
with n = 1024.

1.6 Deflation

For some pencils in Hessenberg form the task of computing the periodic Schur form can be
split into two smaller problems by means of at most O(n?) flops. This procedure, called
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deflation, is often advisable and in some cases even necessary to avoid severe convergence
breakdowns of the later described periodic QZ iterations. Overall, we mention 4 different
situations calling for deflation. They are known [10, 35, 64] besides the last one, which is
described in Section 1.8.

Small subdiagonal elements in 4; When do we regard an entry in A;, say a 41 .1
for some j € [1,n — 1], as small enough to be considered as zero 7
Often the inequality
a 11 51 < uflAq

is sufficient, since setting a 11 .1 = 0 corresponds to a norm wise perturbation of order
u||A;]| in Ay, which cannot be avoided anyway. This strategy is used in the LAPACK
routine DHGEQZ for solving generalized eigenvalue problems.

For special cases, involving graded matrices, it is possible to reveal more accurate
eigenvalues by using a different deflation strategy. By this strategy, only perturbations not
greater than the magnitudes of some neighboring elements are introduced. For example,
the south east corner of A; could have a considerably small norm. Then, perturbations of
order ul|A;|| in that corner are not likely to be inherited from uncertainties in the input
data. Consequently, in the LAPACK routine DHSEQR they use the criterion

@ gl <u-max(a o i), (1.20)

The difference between these two strategies can be nicely demonstrated by the matrix

10° 10 0 0
1072 1077 107 0
0 107 10 10°V7
0 0 1077 107%

A=

Tabulated below are the exact eigenvalues of A, the computed eigenvalues using the more
generous strategy and, in the last column, the computed eigenvalues using criterion (1.20).

Exact eigenvalues Generous deflation Careful deflation
1.0000009999991000 1.0000009999991001 1.0000009999990999
—.8999991111128208x107% —.8999991111128212x107% —.8999991111128213x10~%
2111111558732113x1071  2111111085047986x1071%  .2111111558732114x1013
—.3736841266803067x1072°  0.0999999999999999x10~2° —.3736841266803068 x 102"

As expected, there is a dramatic loss of accuracy in the two smallest eigenvalues when
using the generous deflation strategy. Both strategies are offered in the FORTRAN 77
routine PHGEQZ.

Finally, after a small subdiagonal element |a ;; .1| has been set to zero, the problem
decouples into two smaller problems, one of order 5 and one of order n — 7,

2 k
Al: 1: ;1 Al: +1: ;1 Al: 1: ;2 Al: +1: ;2 Al: 1:; Al: +1:
0 A +1: +1: ;1 0 A +1: +1: ;2 0 A +1: +1:

)
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Small diagonal elements where s = 1. If for some j € [1,n] and i € [2, k] with s =1
the diagonal element a . happens to be small, for example,

a 5 S 11||A ||7

then the problem can be decoupled into at most 3 smaller problems of orders 7 — 1, 1 and
n—3j.
The diagonal analog of (1.20) is given by the test

la 1] <u-max(la _1 1] ]a 41;1]).

Here, the deflation step is little more involved than just setting the diagonal element to
zero. It consists of two unshifted periodic QZ iterations (see Section 1.7), one from the top
and one from the bottom. Instead of giving a detailed outline we demonstrate the algorithm
for the case k =2, n =7, s = {1,1}. After a4 » has been set to zero, Givens rotations
annihilate the subdiagonal elements as;, 1. ase. 1, ags;1 from the left. Applying them from
the right to the triangular matrix A, creates two nonzero entries in the subdiagonal part:

X X X X X X X X X X X X X X
0 X X X X X X X X X X X X X
0 0 X x X X X 0 X X X X X X
0 0 0 x x X X 0 0 0 0 x x x
0 0 0 x x X X 0 0 0 0 x x x
0 0 0 0 x x x 0O 0 0 0 0 x x
0 0 0 0 0 x x 0O 0 0 0 0 0 x

Now, the subdiagonal of A, is annihilated from the left by a sequence of two rotations
which must be applied to A;:

X X X | X X X X X X X | X X X X
X X X | X X X X 0 X X|X X X X
0 X X|x X x X 0 0 xX|x x x X
0 0 0]x x X X 0 0 0|0 x x x
0 0 0]x x X X 0 0 0|0 x x x
0 0 0]0 x x x 0 0 0|0 0 x x
0O 0 0]0 0O x x 0O 0 00 O 0 x

To decouple the lower 4-by-4 part, rotations are used to zero are. 1, Ggs.1 and as4, 1 from
the right. Again, only two subdiagonal elements of A, are affected:

X X X | X X X X X X X | X X X X
X X X | X X X X 0 X X|X X X X
0 X X|x X x X 0 0 xX|x x x X
0 0 0|]x x X X 0 0 0]0 x x x
0 0 0]0 x x x 0 0 0|0 x x x
0O 0 0]0 0 x x 0 0 0|0 x x x
0O 0 0j]0 O O x 0O 0 0|0 0 x x
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Finally, the subdiagonal of A, is set to zero by transformations from the right and the
problem is split into three parts:

X X X |X|X X X X X X |X|X X X

X X X |X|X X X 0 X X|x|x x X

0 X X|X|X X X 0 0 xX|x|xX X X

0 0 0]x|x x X 0 0 0]0]x x x

0 0 0]0]x x x 0 0 0]0]x x x

0 0 0|0 |x x X 0 0 0|]0|0 x x

0 0 0|00 x X 0 0 0|00 O x
Small diagonal element where s = —1. If again for some j € [1,n] and i € [2, k], but
now with s = —1, the diagonal element @ , happens to be small, in a careful or generous

sense, then the pencil has a very large, maybe even infinite, eigenvalue. The small diagonal
entry, after having been chased to the top or bottom of the A, can be used to split off a
one-by-one part. The corresponding deflation step is a slight generalization of that one for
generalized eigenvalue problems [30, Section 7.7.5].

1.7 Periodic QZ Iteration

After the deflation process it can be assumed that A; is in unreduced upper Hessenberg
form and all the other matrices of the pencil are nonsingular and upper triangular. For
starting the iterative part of the periodic QZ algorithm we construct the so called shift
polynomial,

P(A,S): Ai—O'lf Ai—O'QI Ai—o 1 s

=1 =1 =1

where the shifts o are cleverly chosen real or complex numbers. A usual choice is to take
an even integer m and to compute o1,...,0 as the eigenvalues of the k-matrix pencil

{Ai(n—m+1:nn—m+1:n),....,.A (n—m+1:nn—m+1:n)}s).

Then, the shift polynomial is guaranteed to be real if all factors are real. Actually, the only
information of interest for us is the first column of P (A, s). A unitary (resp. orthogonal)
matrix @)y is chosen so that its first column is parallel to P (A, s)e;. Then, Q) is applied
to the left hand side of A, to the right hand side of A and propagated over A _q,..., A
to A;. The matrices As,..., A stay upper triangular, but an m + 1 x m + 1 bulge of
nonzeros is added to the first rows of Ay, as illustrated in the first diagram of Figure 1.2.
We can use a variant of Algorithm 1.20 to return A; to Hessenberg form. Visually, this
method results in chasing the bulge to the bottom of Ay, see Figure 1.2.

As Algorithm 1.20 can be sped up by a cache-efficient application of the involved Givens
rotations, we can expect similar time savings by applying these techniques to the bulge
chasing process [21].
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Figure 1.2: Diagrams of the bulge chasing process.

Computation of the initial bulge FEspecially for long products, computing the shifts
and the shift polynomial desires for great care to avoid unnecessary over-/underflow and
disastrous cancellations. From this point of view. it is more favorable to construct the initial
transformation @)y directly from the given data. For example, if the shift polynomial can
be rewritten as a product of matrices, then )y can be computed by a partial product QR
factorization [22]. For the case m = 2 with oy, 0, as the eigenvalues of the south east
2-by-2 pencil such a suitable product embedding is given by

A 0 '
P (./4, 8) = Al 1 0 a1 _1. I
—1I 0 _Al a 1 1[ a 1[

1.21
a1 ;1 d —a 41 0 a —1 71;1[ a1 I ( )

A 0 0 ‘ I

0 a 1 —1; I a 1 I 0

= 0 0 a I 1

By carefully exploiting the underlying structure the recursive computation of () from this
embedding requires approximately 37k flops. For further details the FORTRAN 77 routine
PLASHF should be consulted.

It is unlikely to find an embedding like (1.21) for larger m. Thus, we propose to reduce
the m-by-m south east pencil to Schur form, group m/2 pairs of complex conjugate or real
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eigenvalues together and apply the partial product QR decomposition to the product of
m/2 corresponding embeddings 1.21). However, it must be noted that the complexity of
such an algorithm becomes O(km3). On the other hand, from the experiences with QR
algorithms [72] it can be expected that useful m are less than 10.

1.8 Exploiting the Splitting Property

Convergence is certainly the most important aspect of an iterative algorithm.
Consider the k-matrix pencil (A, s) with

9.0 40 1.0 4.0 3.0 4.0
6.0 8.0 2.0 4.0 0.0 2.0
0.0 70 4.0 4.0 6.0 6.0

A= 00 00 80 40 60 70 (122)
0.0 0.0 0.0 80 9.0 3.0
0.0 0.0 0.0 0.0 5.0 0.0
Ay =---=A =diag(10°*,1072,107%,1,1,1),
and s3 = --- = s = 1. For k = 5 the periodic QZ algorithm requires 29 iterations to

converge, 62 for £ = 10, 271 for k = 40 and for k£ > 50 it does not converge at all. Even
worse, the breakdown cannot be cured by using standard ad hoc shifts.

The reason is basically that the leading diagonal entries in the triangular factors diverge
exponentially, that is, the relation

a(4)-1 +1 i
— =0(a), 0<a<1, (1.23)
=1 a

is satisfied for j = 1,2. A Givens rotation acting on such a (j,7 + 1) plane is likely to
converge to the 2-by-2 identity matrix when propagated over A ;A _y,..., As back to A;.

It is important to note that (1.23) is not an exceptional situation. Exponentially split
products as defined by Oliveira and Stewart [56] have the pleasant property that even for
extremely large &k the eigenvalues can be computed to high relative accuracy. Moreover,
such products hardly ever fail to satisfy (1.23). One of the prominent examples is an infinite
product where all factors have random entries chosen from a uniform distribution on the
interval (0,1). It can be shown that the sequence of periodic Hessenberg forms related to
finite truncations of this product satisfies (1.23) for all j =1,...,n— 1.

For the purpose that exponentially diverging diagonal entries do not represent a con-
vergence barrier the following additional deflation strategy is proposed.

A QR decomposition is applied to the Hessenberg matrix Ay. If s = 1, the resulting
n — 1 Givens rotations (c ,s ) are successively applied to the columns of A |

() ()

a a Jy c

0 a(+)1 +1 s

. ca“—saQ1 sa()+ca(+)1
S a(+)1 +1 ca(+)1 +1
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(+)1 41 1s small compared to

max ca()—sa(ﬁl ,ca(Jr)1 1o

Whenever it happens that s a

or, being more generous, compared to ||A ||, then in the following steps (¢ , s ) can be safely
set to (1,0). Otherwise, the (j + 1,7) element of A is annihilated by a Givens rotation
acting on rows (j,7 +1). (¢ ,s ) is overwritten with the parameters of this rotation.

The process, being similar when s = —1, is recursively applied to A _1,..., As. At the
end, the rotation sequence is applied to the columns of A; and each pair (¢ ,s ) = (1,0)
results in a zero element at position (j + 1,7) in A;.

Since the above procedure is as expensive as a single shift periodic QZ iteration it
should only occasionally be applied.

For the k-matrix pencil (1.22) with &£ = 40, two applications of the proposed deflation
strategy result in zeros at positions (2,1), (3,2) and (7,6) in A;. Barely 7 periodic QZ
iterations are required to reduce the remaining 3-by-3 product to quasi upper triangular
form.

1.9 Shifts in a Bulge

During the chasing process shifts are carried by the bulge down to the bottom of the
Hessenberg matrix in order to force a deflation at the (n —m+1,n —m) position. Watkins
[71, 72] observed for the QR and QZ algorithms that the shifts can actually be computed
from the current bulge. Furthermore, it was pointed out that there is an almost one-to-one
correspondence between the quality of shifts in a bulge and rapid convergence. Needless
to say, there is an easy generalization to periodic eigenvalue algorithms.

Let us consider a k-matrix pencil (A, s) in periodic Hessenberg form, where s; = 1
and A; is unreduced upper Hessenberg. Furthermore we will assume that all zero diagonal
entries of the upper triangular matrices A with s = 1 are deflated and therefore do not
exist. Note that nevertheless infinite eigenvalues are welcome unless they do not appear in
the upper m x m portion of the matrix pencil. In that case the first column of the shift
polynomial were not well-defined.

First, let us define the so called zeroth bulge pencil. Given m shifts, we calculate

r=aP (A s)e =a At —o I ... Ai—o I ey, (1.24)
=1 =1
where « is any convenient nonzero scale factor. The vector x has at most m + 1 nonzero
entries.
Now, define the zeroth bulge pencil as the (k + 1)-matrix pencil

(C, §) = ({Cl, N, CQ, 03, ey C }, {817 —]_7 §2,83,...,S }), (125)
where N is a single (m + 1)-by-(m + 1) zero Jordan block and

1 Gu1a ... Q1 2 a. ... ay . 0
: a1 - :

C, = _ , C =
: 0 a .1 a
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with i = 2,..., k. Now, we are ready to rewrite [71, Theorem 5.1] for periodic eigenvalue
problems.

Corollary 1.21 For a given k-matriz pencil (A, s) in unreduced upper Hessenberg form
suppose that fori=2,....k,

j S m, s = _]-a
a .70 for STy 51
Then the eigenvalues of the zeroth bulge pencil (C, §) as defined in (1.25) are the shifts

01,...,0 and .

— k-1

Proof: By assumption, the matrix product B = A~ *A 77" ... Ay * is well defined.
We apply [71, Theorem 5.1] to the generalized eigenvalue problem

0 B(l:m,:m)

Ci—AB. B= | 0 ,

and find that its finite eigenvalues are given by oy,...,0 . The (m + 1)-by-(m + 1)
matrix B can be factorized as B=C~ ~C "7'...C5 *N, which completes the proof.
0

Applying the orthogonal transformation @)y with Qgx = e; to both sides of the product
results in the formation of a bulge in Ay. The rest of the periodic QZ iteration consists
of returning the pencil to Hessenberg-triangular form by chasing the bulge from top to
bottom. Say the bulge has been chased 7 — 1 positions down and to the right. The current
pencil (A( ), s) has a bulge in A; starting in column j. The tip of the bulgeisata + 41 1,1
The j-th bulge pencil is defined as

€. 5) =) NS el 0OV Ls1,—1, 80, 83,...,5 ), (1.26)
where N again denotes a single (m + 1)-by-(m + 1) zero Jordan block and
@411 - Q41 4o @41 412 - g1 4 . O
o= o= : '
a4 a ... G4 4o ay 4+ . 0
G4 411 -0 G4 41 4 1
fori=2,...,k.

The following corollary can be considered as a periodic variant of [71, Theorem 5.2].

Corollary 1.22 Under the assumptions of Corollary 1.21 the finite eigenvalues of the j-th
bulge pencil as defined in (1.26) are the shifts oy,...,0 .

Proof: The proof goes along the lines of the proof of Corollary 1.21, now applying [71,
Theorem 5.2] on the corresponding collapsed pencil. O

Remark 1.23 In the previous section we saw that pencils with exponentially diverging
factors may suffer convergence breakdowns. This is essentially caused by an improper
transmission of shifts. After having chased the bulge to the bottom one could check
whether it still contains a passable approximation to the shifts. If this is not the case
for small m, then it is certainly a good time to apply a controlled zero shift iteration.
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Should we still deflate infinite eigenvalues ? Watkins [71] states: It would be much
more efficient to use the upward-chasing analogue of [30, 7.7.5] which deflates infinite
eigenvalue at the top. Better yet, one can let the QZ algorithm deal with the zeros..

Let us discuss the denial of deflating infinite eigenvalues, unless they do not appear in
the top of the pencil.

For a discussion it is sufficient to consider the single shift algorithm for the generalized
eigenvalue problem A — AB. Assume that there is one zero diagonal element at the (j, 5)
position in B. We want to distinguish between computing the complete Schur form and
the exclusive computation of eigenvalues. In both cases deflating the infinite eigenvalues
cuts the trip of the bulge in the subsequent QZ step by exactly one element. In the latter
case additional savings can be achieved, since then the orthogonal updates are applied to
a smaller subpencil. On the other hand, deflating infinite eigenvalues is not a free dinner.
From the viewpoint of efficiency one clearly wants to chase the infinite eigenvalue to the
top if j < 5 and to the bottom if j > 5.

Table 1.5 lists the necessary operations for deflating one infinite eigenvalue and the
subsequent j single shift QZ steps. The integer function f (n) denotes the number of
operations which are necessary for applying j QZ steps without any deflation. Only O(n?+
nj) terms are displayed. By denying deflation we have to apply approximately f (n)

‘ ‘ Generalized Eigenvalues ‘ Generalized Schur decomposition ‘

j< f(n) —12nj f(n)
j > f (n) +12n% — 36nj f (n) +12n% — 24nj

(TN

Table 1.5: Flop counts for the deflation of infinite eigenvalues.

operations until we get a deflation of the infinite eigenvalue at the top. As observed in [71]
the quality of the bulge pencil tends to be invariant under deflation. However, in all cases
the expenses for deflation are less or equal than the costs of a denial of deflation. This
statement is even stronger when the orthogonal transformations have to be accumulated.

To summarize, we answer the question in the title: Yes, we should still deflate infinite
eigenvalues.

1.10 An Application

We want to finish this chapter with a less known application of the periodic QZ algorithm.
It will also be shown that the ideas of Section 1.5.2 can be applied to Hessenberg-triangular
reduction algorithms for differently structured matrices.

Benner, Byers, Mehrmann and Xu [6] developed methods for several structured gener-
alized eigenvalue problems. The main part of the computation consists of a reduction to
some sort of Hessenberg form and one application of the periodic QZ algorithm. From the
corresponding condensed form it is an easy task to extract the eigenvalues of the underlying
(generalized) Hamiltonian problem. Note that all the Hessenberg like reduction algorithms
in [6] mainly consists of Givens rotations. As mentioned earlier, modern computer archi-
tectures do not love these BLAS 1 techniques. Fortunately, we can block the Hessenberg
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reduction algorithms by a method which is quite similar to the methods described in Sec-
tions 1.5.2 and 1.5.3. Let us demonstrate the technique by a reformulation of [6, Algorithm
3.

Notation

Definition 1.24 Let J := _01. {) , then

1. a matrivr H € C* ? is Hamiltonian if (HJ) = HJ,

2. a matriz S € C* ? is skew-Hamiltonian if (SJ) = -SJ,

3. a matriz S € C* 2 is symplectic if SJS =, and

4. a matriz U € C* 2 s unitary symplectic if U JU =J andU U =1, .
We are not going to explore the beautiful algebraic structures, like Lie algebras or Jordan

groups, induced by these matrices. Only these relations are listed below which are useful
for our further considerations.

1. H = gu gn is Hamiltonian if and only if Hy; and H;s are symmetric and
21 22
2. H= gn Slz is skew-Hamiltonian if and only if Hy; and Hqs are skew-symmetric
21 22
and Sll = Sll‘

3. The unitary symplectic matrices form a group with respect to multiplication (in fact
even a Lie group).

4. For a skew-Hamiltonian S and unitary symplectic U the matrix JU J SU is also
skew-Hamiltonian.

Some examples for unitary symplectic matrices The definition of a unitary sym-
plectic matrix excludes some useful unitary transformations like all Householder reflections
larger than n-by-n. It is well known that Q € C?> ? is unitary and symplectic if and only

if
Q1 Qe
= 0 @

where (); + @, Q)2 =1 and (), 1 is Hermitian. Nevertheless there are still some useful
transformations in this class. The 2n x 2n Givens rotation matrix

I
cos sin 6
G (i,0) = I _;
—sin @ cosf
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as well as @ @ @, for an n-by-n orthogonal matrix (), are unitary symplectic.
As announced, we now present a blocked version of [6, Algorithm 3] which does a Schur
like reduction of real skew-Hamiltonian / skew-Hamiltonian matrix pencils.

Algorithm 1.25 Given a real skew-Hamiltonian / skew-Hamiltonian pencil

({Sv N}7 {_17 1})

with S = JZ J Z, the algorithm computes an orthogonal matrix ) and an orthog-
onal symplectic matrix U such that

Zl N1 *

U 70 = and JQ J NQ = N
1

*
Zs
with upper triangular 7y, Z, and upper quasi triangular Ny.

Step 1 Apply a blocked RQ factorization with changed elimination order to Z to de-
termine an orthogonal () such that

7 — 7Q = \I

0

Update N < J@Q J NQ using WY representations of the Householder reflec-
tions generated by the RQ factorization.

Step 2 For the readers convenience this step is only illustrated for n = 9 with block
size r = 3. The (7, j) block entry is denoted by Z and N |, respectively.

We start with an RQ factorization of Ny Ny which introduces nonzeros
in Z5; and the lower triangular parts of Z;; and Zs,.

: . . i o 74 7
These entries are immediately annihilated by a QR factorization of le 212
21 422
1 i Zys  Zas .
To keep things symplectic we have to apply @) also to 7. 7 which
54 455

unfortunately creates some nonzeros there.
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Z44 Z45

to annihilate its upper trian-
Zsa Zss bp

Now we use an L(Q) factorization of

gular part.

Repeating this process, now starting with an RQ factorization of Ny Ny
yields the following diagram.

| N
[] I

As long as the block size is sufficiently large, N3 can be quartered and some
parts of it get annihilated by the same method as above. However, at the
end there are some tiny blocks left which must be annihilated by applying [6,
Algorithm 3].

The next step consists of a QR factorization of N3 N33  creating some
nonzero parts in Z.
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Zss e
ASIAY:
tic, also acts on the upper part of Z.

Next, we do a QL factorization of , which, to keep things symplec-

A suitable RQ factorization annihilates the unwanted nonzero entries in Z while
preserving the zero structure of V.

Applying the whole step on the remaining submatrices results in something
which might be regarded as an upper r-Hessenberg form for Skew-Hamiltonian
/ Skew-Hamiltonian pencils.
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Step 3 Apply the supersweep algorithm of Section 1.5.3 to the 3-matrix pencil
{N1, 71,74 },{1,-1,-1} ,

such that Nj reduces to upper Hessenberg form.

Step 4 Apply the periodic QZ algorithm to this pencil which yields a quasi upper
triangular Nj.
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Chapter 2

Fast Algorithms for Matrices with
Block Displacement Structure

Fast algorithms for matrix inversion, (least squares) solution of linear equations and tri-
angular and orthogonal matrix factorizations are well known for Toeplitz and Toeplitz-like
matrices. The concept of displacement structure was introduced by Kailath and several
coauthors to show that fast algorithms can also be obtained for a much broader class of
matrices [41]. Several compositions of Toeplitz matrices as well as matrices which are low
rank perturbations of structured matrices are nowadays well understood in the framework
of this concept.

Factorizations and linear system solvers for such matrices have a wide range of appli-
cations. This includes state-space identification, interpolation problems, linear-phase and
adaptive filtering. An extensive overview may be found in [40]. For example, identifications
problems desire for QR factorizations of block Toeplitz matrices [47, 54, 59]. This section
treats existing and new approaches for factorizations and (least squares) solutions of sys-
tems involving such matrices. Furthermore, numerical results substantiate the stability
claims of Stewart and Van Dooren [63].

All described algorithms have been implemented in Fortran 77. The codes conform to
the implementation and documentation standards of the software library SLICOT [7, 75].
Indeed, most of the routines are already included in this library [43].

2.1 Introduction

Consider the linear time-invariant state-space model

x4y, = Ar +Bu 4w,
y = Czr +Du +v,

where u and y are the m-dimensional input vector and the /-dimensional output vector,
respectively and z is the n-dimensional state vector at time k and {w }, {v } are state
and output disturbances or noise sequences. A, B, C' and D are unknown real matrices of
appropriate dimensions.

At the "Database for the Identification of Systems”, http://www.esat.kuleuven.ac.
be/sista/daisy/, one can find input/output data sets for such models of glass ovens,

37
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evaporators or even CD player arms [53].
In non-sequential data processing, one chooses N > 2(m + [)s and constructs the
N-by-2(m + [)s matrix

Uy Uy . Uz Y Y - Y2
Uy : 3 ) :

: ' U4 : : Y 4
U U 4y e U o4 | Y Y 4 e Y 4o g

consisting of two concatenated block Hankel matrices. Then the R factor of a QR factor-
ization H = QR is used for data compression [54, 59, 66]. H becomes a block Toeplitz
matrix by suitable column permutations. One of the results in this section shows that R
can be computed in no more than O(N rank H) flops.

Before comparing accuracy and efficiency of such fast methods with standard algorithms
like the Householder QR factorization let us focus on a theoretical treatment of block
Toeplitz-like matrices and their relatives.

2.2 Notion of Block Displacement

Let ¥ ¢ R and FF € R be strictly lower triangular matrices. For a matrix A € R
the transformation

V(s nwA=A—F A(F) (2.2)

is called the displacement of A with respect to the displacement operators {F' | F }.
A generator of A is a matrix pair {X,Y} with

Vir nA=XY , XeR ,YeR . (2.3)

The integer o measures the length of the generator. A generator of minimal possible
length is called a minimal generator. The displacement rank of A is defined by the
length of the minimal generator, which is equivalent to the rank of V(s ) A. This concept
of displacement was established by Kailath and Sayed [40]. It should be noted that there
exists another early definition of matrices of structure. The book of Heinig and Rost [34]
treats matrices for which VA = FA + AG has low rank for suitable matrices F' and
G. The two definitions are quite similar and parallel tracks for describing Toeplitz-like
matrices. In linear system theory, expressions of the form A — FAF and FA+ AF are
associated with Lyapunov equations for discrete-time and continuous-time systems, which
can be transformed into each other by well known formulas [38].

The displacement of a symmetric matrix A is again symmetric and by Sylvesters
law of inertia [30, Section 8.1.5] it can be written as V( A = XXX where ¥ =
diag(+1,...,£1). Under this circumstances we call X a symmetric generator with
respect to the displacement operator F' and the signature matrix X.
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Generators are not unique. If { X, Y’} is a generator for A with respect to {F , F' }, then
for any nonsingular matrix S € R | the matrix pair {XS,Y' S~ } is also a generator [40,

pg. 300]. For symmetric generators the transformation matrix is supposed to be X-unitary,
that is, S 5 = S¥S =13.

Example 2.1 Consider a symmetric positive definite block Toeplitz matrix

TO Tl .« e T—l
Ty ’ ; .

T = ., T,=T,, TER ,i=0,...,n
T 4, ... Tv Ty

Ty as the leading k-by-k submatrix of T is always positive definite. With respect to
the following displacement operator and signature matrix

0
I I 0
F:=7 = , X = 0 7
I 0
we obtain the generator
_Lyto T, T, T, T ,
X = Lyt 0o T, T, T | (24)

by inspection. Here, Ly denotes the lower triangular Cholesky factor of Ty, i.e., Ty =
LoL,. Hence, we have shown that the displacement rank is at most 2. Furthermore,
X is minimal if and only if the matrix [T T5 ... T _4] has full rank.

It is important to note that a matrix is completely determined by its generators. Let
A and XY satisfy equation (2.3), then it can be shown [39] that

A= K (z,F)K (y,F), (2.5)

=1

where 2z and y are the i-th column of X and Y, respectively, and K (z, B) denotes the
Krylov matrix
K (r,B)= z Bz B?2 ... Bz

As we will see later, inverses of Toeplitz matrices have low displacement rank, thus equation
(2.5) can be seen as a generalization of the Gohberg-Semencul formula [28].

When dealing with matrices with block structure it is more natural to use block repre-
sentations of generators. For this purpose it is assumed that ' and F' are strictly lower
triangular with k£ — 1 zero subdiagonals. This condition assures that all the well known def-
initions and theorems for displacement structured matrices may be reformulated in k-by-k
block form. The notion of proper generators plays a key role in these observations.
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Definition 2.2 A generator pair {X,Y} is called proper if it has the form

(2.6)

2.3 The generalized Schur algorithm

A fundamental method for triangular matrix factorization is the so-called Schur reduc-
tion process [39, 40, 58]. This algorithm computes the Schur complements of the leading
submatrices iteratively; displacement structure allows the computation to be sped up. All
fast Schur algorithms are based on a variant of the following theorem.

Theorem 2.3 Assume that {X,Y} is a proper generator pair of A, partitioned as in (2.6).
Then the matriz

A=A-X,Y, (2.7)
has k zero leading columns and rows. A generator pair {X', 17} for A is given by
X= FX. Xo. , Y= FY. Y, |, (2.8)

where F' and F are as in (2.2).

Proof: Setting £y =[I 0 ... 0] we prove the first part by observing that

AB, = (A-X,Y,)E,=F A(F) E;)=0
EIA = B, (A-X.Y.)=(F) E1) A(F) =0,

stressing the fact that {X,Y} is proper and F' | F' are lower triangular with a zero
leading k-by-k submatrix. Furthermore, we have

A—FAF = (A-X,\Y,)—F (A= X,Y;)(F)
= A-FAF))-X\Y, +F X, Y, (F)
= XY —-X, Y. +F X, Y, (F)
= XY ,
which completes the proof. 0

The above theorem is a block formulation of the well-known special case k = 1 [39].
It enables us to apply k& Schur steps at once and to use blocking techniques as already
described in [25].

The following lemma characterizes the role of A in Theorem 2.3.
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Lemma 2.4 Under the assumptions of Theorem 2.3 partition

A Ap A= A

A=
- A21 A22 ' - U A22

If Ayq is nonsingular then Asy is the Schur complement of the leading k-by-k subma-
triz of A, that is,

12122 - AQQ - A21A;11A21. (29)

Proof: By equation (2.7) we have
An =XV A =X4Yy, An =XV, An-— 12122 = X1 Y51,
and hence
Az — A21A1_11A12 = 12122 + X1 Yo — X21Y11(X11Y11)_1X11Yz1 = A22-
O

Note that it is not always possible to construct proper generators, for example the

generator pair
{X, Y} = 10 , 01

clearly has no proper generator representation for £ = 1. The product singular value
decomposition (SVD) [24, 52, 55] turns out to be a useful tool to classify such pathological
cases.

Lemma 2.5 Given a generator pair {X,Y} with X and Y as in (2.2), there exists a
nonsingular matriz S € R and orthogonal matrices U,V € R such that

- X

UX;.8= " L0 (2.10)

- x 0 0
and

Vi X— vi v2 —( x+ v2)

Y1 Sl 0 U 0

V.S = 0 0 Sy 0 (2.11)
— Y1l1— Y2 0 0 0 0

where Sy and Sy are diagonal matrices with positive entries.

Proof: The proof follows by applying the product SVD [52, Theorem 1.1} to X.Y]. .
0



42 CHAPTER 2. MATRICES WITH BLOCK DISPLACEMENT STRUCTURE

Observe that the block sizes in the decomposition (2.10, 2.11) can be obtained by the
following relations

r =rank Xy, 7 14+7r o=rank Vi, r ;=rank XY} .

Inspecting the blocks in (2.10) and (2.11) we see that it is possible to construct a proper
generator representation if and only if r +r 5 < k. This leads to

Theorem 2.6 Given a generator pair {X,Y} with X and Y as in (2.2), there exists a
nonsingular matriz S such that {XS,Y S~ } is proper if and only if

rank Xi. + rank Yy. — rank X1.Y;. <k. (2.12)

Condition (2.12) is not very strong as shown by the following corollary.

Corollary 2.7 Let A € R be a matriz with leading nonsingular k-by-k submatriz and
satisfy a displacement equation (2.2). Then the corresponding generator pair {X,Y}
has a proper generator representation.

Proof: The leading k-by-k submatrix of A is given by A;; = X;.Y].. Hence
rank X;. 4+ rank Y;. —rank X;.Y; =rank X;. +rank Y. — £k < k.
Applying Theorem 2.6 yields the result. 0
Assembling Theorem 2.3, Lemma 2.4 and Theorem 2.6 gives the following algorithm.

Algorithm 2.8 Given A € R and a generator pair {X,Y} as in (2.2), the following
algorithm computes the incomplete block LU factorization

A = LU-A
Lll Ull
S - 0 0
= L.1 L U1U - 04
Ly, ... L U, ... U

where ¢ < min(|m/k|, |n/k]|) is the number of applied Schur steps and A is the
Schur complement of the leading ik-by-itk block in A. A is presented in terms of its
generators.

for j=1::1do
if rank X;. +rank Y;. —rank X, Y, <k then
Transform {X, Y} to proper form as described in the proof of Lemma 2.5.
Update L= L )?.1 and U= U 521
Set X= F X;. Xoo andY = FY;. Yo withF and F asin (2.2).
Remove the first k£ rows from X and Y.
else
Breakdown encountered.
end
end
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Remark 2.9

1. A square matrix is called strongly nonsingular if all its leading principal sub-
matrices are nonsingular. Collorary 2.7 yields in this case that Algorithm 2.8
suffers no breakdown and gives the complete LU factorization after n/k steps
provided that n is an integer multiple of k.

2. In order to call this algorithm fast, the expenses for the matrix-by-vector multi-
plications F' X;. and F' Y;. should be negligible. Then the complexity of Algo-
rithm 2.8 is O(ik*(m +n)), assuming that the minimal generator length satisfies
a=0(k).

3. An important special case is the LU factorization of a point Toeplitz matrix. In

the sense of efficiency the O(n?) Algorithm 2.8 should be preferred to standard
O(n?®) methods.

Stability tells quite a different story. Theoretically, L and U are the same
triangular factors as obtained from Gaussian elimination without pivoting (GE)
applied to A. It is well-known that the norms of the triangular factors can
become arbitrarily large when using GE. However, for a small backward error
it is crucial that the norms of L and U are of magnitude || A|| [37, Section 9.2].
The norm growth is likely to become large when the condition numbers of the
leading principal submatrices are much larger than the condition number of the
matrix itself. For such Toeplitz matrices a factorization method which employs
pivoting is more suitable [14].

2.4 Exploiting Symmetries

The derivation of the condensed form (2.10, 2.11) does not preserve symmetries in the
generator pair. However, this aspect is crucial in applications.

As mentioned before, block structured symmetric matrices A € R usually satisfy
displacement equations of the form

Vi JA=A-FAF =X% X , (2.13)

where F' has a leading principal k-by-k zero submatrix. For convenience let us assume that
p > k which can be satisfied whenever p + g > k. If we partition X as

X1 Xi
= X X =
X - X X5
then X . and X. are the positive and negative generators of A, respectively. X is proper
if X7 has only nonzero entries in the first £ columns and X; vanishes completely. This
certainly results in a stronger condition on X than Theorem 2.6 proposes. Indeed, the first
block of A is given by
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and therefore the existence of a proper representation implies the positive semidefinite-
ness of A;;. Conversely, when the complete matrix A is positive semidefinite, we get the
following theorem.

Theorem 2.10 Let A€ R be a symmetric matriz satisfying the relation (2.13). If A is
positive semidefinite then there exists a proper generator of A.

Proof: Using a generalized SVD [30, Section 8.7.3] of X; !X, there exist orthogonal
matrices U € R,V € R and a nonsingular matrix S such that (2.14) can be
rewritten as

SAHS - SXl U(SXl U) - SXl V(SXl V)
— DD -DD

where D R and D € R  are rectangular diagonal matrices with nonnegative
entries. Sylvesters law of inertia implies that A;; is positive semidefinite if and only
if

d [ >1|d |, Vie[l,... k] (2.15)

Here, d and d denote the i-th diagonal entries of D and D , respectively. For
q < k missing diagonal entries in D are assumed to be zero.

Now, set X. := X. U = S7'D and X. := X. V = S~'D . Three situations may
occur in (2.15):

1. |d | >|d |: By hyperbolic rotations (see Section 2.5) a ¥ -unitary matrix can
be constructed, which, applied to the right hand side of d d , Temoves
d . Applied to the corresponding columns in X. and X. this transformation
annihilates the i-th column of X .

2. |d | =|d | =0: This is just fine, the i-th column of X; is already zero.

3. |d | =]d | # 0: Consider the matrix

- Ay Ay S 0 S 0
A= Aoy Ay 0 I _ A 0 I_

which is by assumption positive semidefinite. The matrix An=DD —-DD
is diagonal with a zero at position (i,7). Now, flgle = 0, otherwise one can
always construct a vector x € R such that Az < 0, which violates the
semidefiniteness of A.

From relation (2.13) and the structure of F' we have

~ X
0 = A,e = X -X LS e
21 2 2 X,
D

= X2 _X2 D e,
which yields d Xy e = d X, e and hence X. e = +X. e. We have thus shown
that the ¢-th columns of X. and X. can be removed from the generator without

alterning the displacement equation (2.13).
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Altogether, two matrices X. and X. have been constructed so that X is a proper
generator of A. 0

Corollary 2.11 Let X be a symmetric generator of a matriz A with leading positive def-
inite k-by-k block Ay1. Then there exists a ¥ -unitary matriz S such that XS is
proper.

Proof: The proof is as the proof of Theorem 2.10 only that we now have strict in-
equalities in (2.15) which implies that the situations 2 and 3 do not occur. Only
Y} -unitary transformations are applied to reduce X to proper form. O

The stronger condition in Corollary 2.11 yields the existence of a proper generator with
the same minimal length.
Singularity of Ay; leads to a different formulation of Lemma 2.4.

Lemma 2.12 Let A be a symmetric positive semidefinite matriz and let X be a proper
generator of A in the sense of relation 2.13. Then
An Ar 0 0

- XXX =

Proof: The positive semidefiniteness of A implies that kernel A;; C kernel A,,. There-
fore

I 0 All Alg I _ALAIQ All 0

Now, the result follows from analogous considerations as in the proof of Lemma 2.4.
g

Assembling Theorem 2.3, Theorem 2.10 and Lemma 2.12 gives rise to an algorithm for
symmetric positive semidefinite matrices with structure. In contrast to Algorithm 2.8 it
theoretically never fails.

Algorithm 2.13 Given a symmetric positive semidefinite matrix A with generator X, the
following algorithm computes the incomplete block Cholesky factorization

A = LL —A
L1
: - L, ... L.1 L.1 0 0
= L, ... L IR : ~ 0 A
: : L L
L, ... L

where ¢ < |n/k] is the number of Schur steps. A is presented in terms of its
generators.
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for j=1:ido
Transform X to proper form by using the construction in the proof of
Theorem 2.10.
0
Update L = L X(: .10 k)

Set X = FX(:,1: k) X(:,k+1:p+q) where Fisasin (2.13).
Remove the first £ rows from X.
end

2.5 Constructing Proper Generators

Available Fortran Routines

MB02CX.f | Generator reduction
MBO2CY.f | Application of the generator reduction to further parts

Although the proofs of Theorem 2.6 and Theorem 2.10 are constructive, they both use some
kind of singular value decomposition far from being efficient. We give a brief summary of
more elementary transformations which will be used in the following algorithms.

Orthogonal transformations Givens rotations, Householder and Block Householder
reflectors [30, Section 5.1] belong to this category. These are perfectly stable transfor-
mations [37, Chapter 18]. However, there is usually a trade off between flexibility and
efficiency.

Hyperbolic rotation We construct a matrix § € R?? with

0 Y116 = 031,10 = Xy,

such that for a given vector [z y] € R? with |y| < |z|,
0 = 22 —1y%;.

The transformation is given by

1 _
9 = 1 P s Where p = g (216)
1—p2 — 1 x

Note that the norm of 6 gets close to infinity as |y| gets close to |x|. An application of the
hyperbolic rotation to the right hand side of the matrix G € R 2 satisfies

In a naive implementation as suggested by (2.16) we obtain a computed matrix G = f1(G6)
such that [39, Section 2.6.1],

IGELG —GEG 2 <O ()IIGIE]9]5 (2.18)
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Since ||0|| can be arbitrarily large, the computed quantities are unlikely to satisfy (2.17) to
sufficient accuracy.
A better implementation is provided by the mixed downdating procedure [39, Section
2.6.2] which computes G = G from
~ 1
G(:,1) = TPQ(G(i 1) = pG(: . 2)), (2.19)
G(:,2) = pG(:, 1)+ 1-p2G(:,2). (2.20)

This way the transformation needs 6n flops. Using equations (2.19) and (2.20) to compute
G = fI(GH) we can improve inequality (2.18) to

IGEuG ~GSuG (b <0 (e) IGI3+ IG5 (2.21)

Hyperbolic Householder transformations [11, 20] For a given vector x € R we
construct a vector v € R such that

20v

UOr= ¥ -
o vy v

r=(x ¥ z)e;.

The quantity x ¥z is often called the hyperbolic norm of  [25]. In contrast to hyperbolic
rotations, BLAS level 2 routines can be used for the application of U . However, the
numerical reliability is questionable. For example, let us consider the matrix

1.01 1 0.01
G = 20 3 7

Annihilating G(1,3) with a Givens and G(1,2) with a Hyperbolic rotation yields a com-
puted G which satisfies

|GG — GG || =2.5-107%,

On the other hand, applying a hyperbolic Householder reflector to annihilate G(1,2: 3)
gives us

|GG — GYpG ||, =1.2-1071
Additionally, in our applications we often have the situation

—1 times times

z =[x 0 ... 0 x ... x|
so that it is more efficient to replace the hyperbolic reflector by one orthogonal reflector
and one hyperbolic rotation.

Block hyperbolic Householder transformations [25, 31] The idea of blocking or-
thogonal reflectors can be generalized to hyperbolic reflectors. However, even more than
in the previous paragraph reliability claims are unsubstantiated. In fact, neither Gallivan
et.al. [25] nor Hallinger [31] give any accuracy results. Thus, we rather propose a combina-
tion of Block Householder representations and Hyperbolic rotations which will introduce
almost the same fraction of level-3 operations.
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Block Gaussian elimination Gaussian eliminations are the only unsymmetric oper-
ations which will be needed in our applications. Given a matrix G = [ Gy Ga | with
nonsingular (G; the second block is annihilated by the nonsingular transformation

-1
Gl G2 ([) Gl[ G2 - Gl 0

Now, we have the necessary utilities to present efficient algorithms for the reduction of
generators to proper form. The first two presented algorithms assume positive definiteness
and suffer a breakdown if this condition is not satisfied.

Algorithm 2.14 Unblocked reduction for ¥ -symmetric generators
Given a generator G € R+ with p > k this algorithm computes a proper repre-
sentation of G.

1. Compute an LQ factorization such that
G(l:k1:p)= L 0 Q

where L is a k-by-k lower triangular matrix and @) is orthogonal.
2. Update G(: ,1:p) =G(:,1: p)Q .

3. fori=1: %k do
Annihilate G(i,p + 2: p+ q) by a Householder reflector V' from the right.
Update G(i: n,p+1:p+q)=G@l:n,p+1: p+q)V.
if |G(i,4)] > |G(i,p+1)| then
Determine a hyperbolic rotation # such that
G(i,i) G(i,p+1) 0= x 0

Update G(i:n,i) G(i:n,p+1) = G(i:n,i) G@:n,p+1) 6.
else

Breakdown encountered.
end

end

A straightforward blocked formulation with block size n is given by

Algorithm 2.15 Blocked reduction for ¥ -symmetric generators
Given a generator G € R * where p > k this algorithm computes a proper repre-
sentation of G.

1. Apply Step 1 and Step 2 of Algorithm 2.14.
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2. fori=1:n :kdo
Determine a block Householder reflector V=1 — PUP such that
G((i—1n +1:in ., p+1: p+qV
is lower triangular and update
Gi—1n +1:np+1lip+q)=G{(i—1)n +1:n,p+1:p+q)V.
% Annihilate G((i —1)n +1:il,p+1:p+n).
for j=1:n do
Set l=(i—1)n +j.
Annihilate G(I,p+ 2: p+ n ) by a Householder reflector W
from the right.
Update G(I: n,p+1:p+n)=G{:n,p+1: p+n )W.
if |G(I. (1 = 1)n +j)| > |G(l.p+ 1)| then
Determine a hyperbolic rotation # such that
G(,l) Gl,p+1) 6= 0

Update
G(l:nd) G(l:n,p+1) = G(:n0) G(l:n,p+1) 6.
else
Breakdown encountered.
end
end
end

Both algorithms are implemented in the Fortran 77 routines MBO2CX.f and MBO2CY.f.

For generators associated with positive semidefinite A;; we should be more careful. A
first attempt could use the generalized SVD as in the proof of Theorem 2.10. But before
trying this, let us ask ourselves what we would like to obtain with such an algorithm ? Cer-
tainly something like a low rank generator approximation. Or, in mathematical language,
for a given threshold € and a generator G we would like to find a proper representation G
such that

G G —-GE G ||<e (2.22)

A simple example demonstrates that the nonorthogonal factor in the generalized SVD
destroys any hope that (2.22) bears some kind of relationship with the generalized singular
values.

Example 2.16 Define A € R by

taken from [17, Example 5]. Now, let B be the same as A only that the (n,1)-th
entry is replaced by —22~ making it non-invertible. For n = 30 the Matlab call
gsvd(A , B ) computes 30 singular value pairs (a ,b ) where 28 satisfy a ~ b but

(a1,by) = (0.65,0.76), (aso,bso) = (1,1.44-107'°),
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Based on these observations one would not attempt to remove the first or last column
from a generator containing A as its leading positive and B as its leading negative
part.

However, for a threshold like ¢ = 10~® a suitable proper generator is simply the empty
matrix since

|AA -—B B ||=373-10".

The story behind this example is that the nonorthogonal factor obtained from the
generalized SVD has a condition number of about 8.5 - 10°.

Thus, a rank revealing generator reduction based on generalized singular values is unstable.

Another attempt arises from the observation that generator reduction is equivalent
with semidefinite block Cholesky downdating. To our knowledge, this task has not been
discussed in the available literature.

Semidefinite block downdating Let A€ R , B € R suchthat A A— B B is
positive semidefinite. We would like to find a full rank upper triangular matrix R satisfying

A A-B B=R R. (2.23)
This problem can be solved via the factorization

A

5 —HR HY H=% . (2.24)

Since the factor H is needed in our application, it is not sufficient to determine R. If
B = 0, then (2.24) corresponds to a rank revealing QR factorization of A. One of the
earliest methods employs column permutations such that the norm of the leading column
in each step is maximized [15]. It is known that such a method does not guarantee to reveal
the rank of A but it has been found to seldom fail in practice [9, page 105]. Furthermore,
this method can be easily extended to (2.24), where now a permutation matrix IT creeps
in,

A

5 UW=HR HY H=% (2.25)

For this purpose let us consider the indefinite scalar product
(,9)s,, =2 X .
Then || - ||g,, = (- ')s,, is @ norm associated with the complex vector space

T

V = VT 1 €ER 20 €R

over the field R. Now we simply replace the Euclidean norms in [30, Algorithm 5.4.1] by

|| ' ||2pq'
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Algorithm 2.17 Given A € R , B € R withp >nand A A— B B > 0, the
following algorithm computes the factorization (2.25). The upper triangular part of
A is overwritten by the upper triangular part of R and the permutation II is encoded
in an integer vector piv. H is implicitly given by Householder vectors and hyperbolic
rotations.

for j=1:ndo
% Compute the X -norm for the j-th columns of A and B.
c(j) =A(:p,j) A(l:p.j)— B(l:q.j) B(1:4q,j)
end
j=0
Find smallest & with c¢(k) =7 = Iél[iix} c(i).
if ¢(k) < ¢ then
% If the & -norm becomes small enough we stop the factorization,
% with the hope that (2.22) will be satisfied.
Stop.
end

while 7 > 0 do
1=7+1
piv(j) =k; A(1:p,j) < A(1: p,k); B(1: q,7) < B(1: ¢, k); c(j) < c(k)
Annihilate A(j 4+ 1: p,j) with the Householder reflector V.
Update A(j: p,j:n) =V1A(5: p,j: n).
Annihilate B(2: ¢, j) with the Householder reflector V5.
Update B(2: q,j: n) =VaB(2: q,j: n).
Determine a hyperbolic rotation # such that

g AU _ o
B(1,5) 0
A(j:n.j) A(j: n.j)
Updat AT G -
P B(j: n, ) B(j:n,j)

fori=j+1:ndo
c(i) = (i) — A(j.)*
end
if j <n then
Find smallest &£ with ¢(k) =7 = max c¢(7).

€[ +1 ]
else
T=0
end
end
Remark 2.18

1. The condition p > n in Algorithm 2.17 can be weakened for the price of an
unpleasant presentation.

2. The update of the hyperbolic norms ¢(i) devotes for some care; see Dongarra
et.al. [23, Section 9.16].
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3. The algorithm returns a matrix R where the diagonal elements satisfy
[711] > |raa| > |rss| > .. ..

Hence, we get the same R that we would have been obtained from a semidefinite
Cholesky factorization with complete pivoting of the matrix R R [36]. This fact
makes us confident that Algorithm 2.17 will often do a reasonable job. However,
a strict analysis in the spirit of Higham [37, Section 10.3] remains open.

2.6 Linear systems with s.p.d. Block Toeplitz Matri-
ces

Available Fortran Routines

MB0O2CD.f | Cholesky factorization of a s.p.d. block Toeplitz matrix

MB02DD.f | Updating Cholesky factorization of a s.p.d. block Toeplitz matrix
MBO2ED.f | Solving TX = B or X «T = B, where T is a s.p.d. block Toeplitz matrix
MBO2FD.f | Incomplete Cholesky factorization of a s.p.d. block Toeplitz matrix
TPCHB.f | Cholesky factorization of a banded s.p.d. block Toeplitz matrix

With the previous sections in mind it is a straightforward process to design fast algo-
rithms for several computational tasks related to block structured matrices. The procedure
to obtain such algorithms mainly consists of two steps

1. Reformulate the solution of the problem as the Cholesky factor or Schur complement
of an embedding like
A A

A=
Asr Ax

where for some ' and F' the displacement V( s 1) A has low rank.
2. Find a minimal generator pair for V(s 4 A.

Step 1 and 2 are clearly nonunique. Different embeddings and generator representations
may provide theoretically identical results. However, the numerical results often differ. It
is important to note that the norm of the start generator should be as small as possible
[63]. Tt should be pointed out generator can always be obtained by an LU factorization
with complete pivoting of V(s 4 A. Since this procedure certainly introduces additional
costs in fast algorithms, we prefer to find minimal generators by analytical means.

An important special case are problems related with positive definite block Toeplitz
matrices. We already derived a generator of such matrices in Example 2.1. In the following
subsections T denotes a symmetric positive definite n-by-n block Toeplitz matrix with block
entries T, 4 = 0,...,m — 1 of size k x k in its first column. Furthermore Ly denotes the
lower Cholesky factor of Tj such that T'= LL, .
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2.6.1 Cholesky Factorization and Generator of 7!
Consider the embedding

T I
7= I 0
which satisfies the displacement equation
I 0 Z 0
T-2T2Z2=X 0 _71 X, Z= 0 7
A generator can be easily derived from (2.4) as
_Lygto T, T, ... T , I 0 0
X = Lyt o7, T, ... T , 1 0 0 (2.26)

We have the following
R 0
T = I R L + 0
Hence, applying m steps of the blocked Schur algorithm provides the upper Cholesky factor
R of T, the lower Cholesky factor L of T-! and a generator of =7 1.

Flops For a discussion of numerical expenses let us have a look at the generator before
applying the i-th step of the reduction procedure

~

v - 0.0 R R _ L _ ... L
0 ... 0 X4 ... X 1 X ...X,

Annihilating X _y is equivalent to k Householder reflections of length k& and k hyperbolic
rotations. Of course, the following application of the shift matrix Z should neither result
in a real matrix-by-matrix multiplication nor in a shifting of memory. This can implicitly
be done by changing the memory access pattern. Note that the initial generator is already
in proper form so that effectively only m — 1 Schur steps have to be applied. Hence, we
get the following cost table, where X_; denotes the generator of 7.

Task to compute Flops Memory costs
X, Am?k® + 6m2k®  2k*m

X ,R 4m?k3 + 6m2k?  1/2k*m? + 2k*m
X_1,L 4m?k® + 6m2k?*  1/2k*m? + 3k*m
X_1,L,R Am2Ek3 + 6m2k?  k2m? + k*m

R 2m2k3 + 3m2k? E*m? + E*m

Note that one has to add additional £%/3 + (m — 1)k? flops for constructing the generator.
This detailed flop is given to show that from the computational point of view we have
indeed derived rather fast algorithms needing much less operations than the convenient
Cholesky factorizations requiring (mk)?®/3 flops.
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Accuracy From the analysis of Stewart and Van Dooren [63] we expect the algorithm to
produce results which are (regarding to their accuracy) comparable with the unstructured
Cholesky factorization. As a realistic example let us consider the case where the blocks T
are the Fourier coefficients of a k-by-k Hermitian matrix-valued function f : (—m,7) — H

which is integrable, that is, f € L'((—m, ), H ), and

1
T =—  flz)e dz, j=0,1,2,.... (2.27)

By a result of Miranda and Tilli [50] the matrix T' generated by f is positive definite if f
is positive semidefinite almost everywhere on (—m,7) and positive definite on a set with
strictly positive Lebesgue measure. Thus, the function

z*  (sinz)*

(Sin 33)4 zd ;T E [_ﬂ"ﬂ-]a (2.28)

f=

generates s.p.d. block Toeplitz matrices with block size 2. The condition numbers are
growing as the dimension increases which is demonstrated in Figure 2.1. In Figure 2.2 the

Figure 2.1: Condition numbers of T generated by f as defined in (2.28).

following quantities are displayed:

1. The residual |R R—T||/||T||, where the upper Cholesky factor R is computed using
the generalized Schur algorithm.

2. Theresidual ||[R R—T)||/||T||, where R is computed by the function chol ().

3. |[LTL —1 ||, where L is the inverse Cholesky factor obtained by the generalized
Schur algorithm.

4. IT7*T — I || with T~! computed from its generators using equality (2.5).

The first two residuals are comparably low, which suggests that there are only slight differ-
ences in accuracy when applying the structured or the unstructured Cholesky factorization.
The growth in the two bottom plots is due to increasing condition numbers.
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Figure 2.2: Cholesky factorization residuals.

Performance Table 2.1 shows that it always, besides for small m, pays off to take the
structure of 7" into account. The execution times were compared with those of the LA-
PACK subroutine DPOTRF. Further experiments showed that a blocked algorithm becomes
of interest as soon as k > 32.

2.6.2 Banded Toeplitz Systems

Block banded Toeplitz matrices can be used as preconditioners for solving general Toeplitz
systems, see for example Chan and Tang [18]. For such a matrix we can expect an even
higher complexity reduction for the Cholesky factorization. In fact, for banded Toeplitz
systems with r block bands, that is, 7" = 0 for all 4 > r, the generator has the following
structure

Lyt 0 T, ... T ;0 ...0
0 Ly* o 7, ... T , 0 ...0
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MB02CD MB02CD MB02CD MB02CD MB02CD MB02CD MB02CD DPOTRF
unblocked unblocked unblocked blocked unblocked blocked unblocked

=1 =4 =16 = 64 = 64 =128 =128

128 0003 0 006 0007 0014 0016 0 009 0 009 0 009

256 0007 0015 0024 0077 0089 0093 0100 0 044

384 0014 0029 0053 0177 0212 0255 0 304 0130

512 0021 0049 0095 0325 0399 0475 0634 0262

640 0032 0077 0152 0527 0634 0767 1057 0 467

768 0 044 0 106 0218 0 788 0992 1132 1694 0772

896 0 060 0139 0299 1111 1431 1585 2 554 1174
1024 0075 0177 0 388 1492 1988 2098 3 704 1 666
1152 0095 0233 0 493 2041 2616 2 886 4994 2321
1280 0113 0290 0 600 2552 3 356 3 555 6 520 3112
1408 0138 0 354 0 726 3130 4174 4312 8 115 4033
1536 0160 0412 0 852 3 761 5083 5170 10 010 5154
1664 0189 0 486 1004 4 453 6 063 6130 11 975 6 466
1792 0215 0557 1160 5183 7170 7130 14 200 7953
1920 0249 0 641 1339 5 955 8 333 8172 16 497 9 656
2048 0279 0722 1521 6 789 9 597 9 287 19 043 11 578
2176 0318 0833 1736 8 253 10 916 11 542 21 665 13 747
2304 0 354 0941 1954 9 250 12 405 12 839 24 624 16 171
2432 0399 1075 2185 10 326 13 964 14 248 27 605 18 858
2560 0 440 1 206 2 415 11 492 15 670 15 757 31135 21 869
2688 0 491 1342 2 626 12 763 17 384 17 408 34 375 25 093
2816 0539 1 449 2 875 14 068 19 233 19 144 38 561 28 704
2944 0597 1573 3 146 15 410 21074 21 190 42 181 32 597
3072 0652 1673 3421 16 816 23 103 23 187 46 141 36 865
3200 0 715 1823 3728 18 659 25 172 25 536 50 299 41 441
3328 0774 1 968 4033 20 247 27 398 27 561 54 826 46 444
3456 0 843 2139 4 359 21 904 29 647 29 681 59 249 51734
3584 0908 2294 4703 23 636 32075 31917 64 148 57 503
3712 0982 2477 5 069 25474 34 583 34 231 68 877 63 641
3840 1053 2 658 5 436 27 363 37 284 36 547 74 172 70 208

Table 2.1: Execution times in seconds for the Cholesky factorization of an nk-by-nk block
Toeplitz matrix.

During the application of Schur steps this structure is preserved, for example after the
second step the generator is given by

Y - 00 X; Xo ... X 40 ...0
00 0 X5 ... X 10 ...0

Of course, only the nonzero blocks are stored and updated in an efficient implementation

of the generalized Schur algorithm. This yields in an improvement of performance by an

asymptotic factor m/r.

2.6.3 Direct Solution of Linear Systems

Using the Cholesky factorization for solving linear systems of equations has a major draw-
back. Forming the factors R or L implies memory costs of O(n?). On the other hand we
could convolute the generator of T~! with the right hand side to obtain a solution. How-
ever, the multiplication with an explicit representation of 7~ might be not such a good
idea regarding to numerical accuracy. A different approach is provided by the following
embedding
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where b € R . For the scalar case a detailed outline is given in [19]. 7 now satisfies a
mixed symmetric/unsymmetric displacement equation

I

Z 0 Z 0
T-2TZ =X —I[Y,Z_ P
By inspection, a generator pair is given by
Lyt 0 0 o T, T, T , 1 0 ...0
X = 0 Lyt 0 0 T, T, T , 1 0 ...0 (2.29)
0o 0 I b, b, by b 0 0 0
and
Lyt 0 0 o T, T, ... T |, 0
Y = 0 Lyt o o 17, T, ... T _, 0 . (2.30)
0 0 I 0 0 I

Now the generalized Schur algorithm applied to (2.29, 2.30) is a combination of symmetric
reduction of X, Y and unsymmetric updating of the right hand side. One can easily check
that the special structure of (2.29, 2.30) is preserved during the algorithm. Furthermore,
the bottom row of Y is unaffected, and remains to be [0,0, I']. Therefore, in the general-
ized Schur algorithm, we only need to update X because Y can be obtained from X by
inspection. Note that the Schur complement of 7" in T is T~'b. Hence, after m Schur
steps, we have the generator {X,Y} of T~'b with respect to {Z ,0}, where

X: X.l X.2 X.3 s Y: 0 0 [
It turns out that the last column X .5 is the desired solution because
T'%b=V(T ') = XY = Xs.

Remark 2.19 This method is numerically equivalent with computing the Cholesky factors
R and L as described in Section 2.6.1 and solving

R x=1Lb
by substitution methods.

2.7 Least Squares Problems with Block Toeplitz Ma-
trices

Available Fortran Routines

TFULQR.f | Full rank QR factorization of a Block Toeplitz matrix
TDEFQR.f | Low rank QR factorization of a Block Toeplitz matrix

TPQRB.f | QR factorization of a banded Block Toeplitz matrix

TPLSQ.f | Solution of least squares problems with Block Toeplitz matrices
TPMULT.f | Block Toeplitz matrix-by-vector multiplication

CONVH.f | Circular convolution

DHART.f | Fast (scrambled) Hartley transform
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From the beginning our quest was that of finding the QR factorization of a block

Toeplitz matrix,
T =QR,

where () Q = I and R is upper trapezoidal with full row rank. Clearly, symmetry in T
is not an issue anymore and the blocks need not be square anymore as well. Therefore
TeR now denotes a block Toeplitz matrix with blocks of size k x [:

Ty ... T o0 T,
n>m: T = T__l ,
T— o ... Ty Ty, Ty ... T_
Ty T ... T 4
T, :
) T,
n<m r= 71, Ty
) ) T,
/A A

It is known that 7' T has low displacement rank [39], and hence we can apply the Schur
algorithm to it. This corresponds to the normal equations approach

TT=R Q QR=R R. (2.31)

This corresponds to the method of normal equations (NE). The product " T" will never
be formed explicitly. Nevertheless the Schur algorithm is numerically similar to the con-
ventional Cholesky factorization working on 7' T [63]. Hence, our method is not backward
stable and may even fail if 7" is ill conditioned. Iterative refinement can be applied to
improve the accuracy when solving least squares problems [9, 57].

Since (2.31) only yields the factor R we consider the bordered matrix

7T T T
M = T | T 1

It will be shown that M has displacement rank,
rank(M — 7 MZ) < 2(1 + k),

where

Z= e c =Z®Z €R @R
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It follows from T = QR that a truncated Cholesky factorization of M yields the factors

R
M= ' R Q

Let Q and R be the factors obtained from the Schur algorithm. It is known [63] that
the overall residual is bounded by

% RO —RQ RQ <C M

for a small constant C. However, () can be arbitrarily far away from being isometric,
especially for ill-conditioned problems [39, Section 3.2]. In this case Q is not a good
representation of the inverse anymore and it is quite expensive to apply reorthogonalization
methods on Q.

Since M is symmetric it should be possible to construct a generator G which satisfies
the displacement equation

M—-Z MZ=GS-, -, G, withGeR * 20+, (2.32)

The following theorem extends known formulas for the generator of the scalar case [39]
to the block case:

Theorem 2.20 [43] Given the QR factorization of the first block column of a block Toeplitz

matriz T € R
Ty Co
: = : Ry (2.33)
T 4 C_ 1
where Ry is assumed upper trapezoidal and has full row rank [ <. Defining the
product
So Co
S -1 C_ +1

a generator of (2.32) is given by
G
G= 4 (2.35)

where

0 0 0 Cy 1T Co O
Sl T1 Sl T +1 01 0 01 0

S_l T—l S_lT _1 0_100_10
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Proof: For the sake of improved readability, we set ¥ := X~ - . Consider the dis-

placement
. TT T . TT-Z2TTZ T -ZT Z
VM=V T I T—-7TZ I1-7Z Z
which we prove to be equal to
G ¥XG G XG
G XG G XG

The identity I — Z, Zo = G XG s trivial, because I is the only nonzero block in
the product G XG . Observing in (2.33, 2.34) that Sy = R, , equality T — 7, TZ; =
G YG follows from

O()RU T1 A -1 TO T1 A -1
CiRy, 0 ... O 'Ry 0 ... O
G G = . . . = . . :
C 4R, 0 ... 0 T_ 41 0 ... 0

For the upper left block,

RyRe RyS, ... RS _,
Sle
G ©G = _ , (2.36)
: AA — BB
S _15
where
A: T1 T*l s B: T, +1 .. T,+1

The first block row in (2.36) is thus equivalent with the first block row of the product
T T. Let us now consider the (i, 5) block of VT T for i,7 > 1:

E (VT TYE = (TE) TE — (ZE) T TZE
= (TE) TE — (TE_,) TE _4
— Tﬁlel—Ti +71T, + —1-

E
E

Hence G ¥G = VT T which completes the proof. 0

The construction of the generator employs an aspect which should be discussed in
detail.

2.7.1 Block Toeplitz Matrix-Vector Products

In (2.34) a matrix-vector product is evaluated. Straightforward computation requires ap-
proximately 2mkn?l? flops which can be even more than the complete Schur algorithm
with its O(n?1?(I + k)) flops. Therefore it is not pointless to consider fast transformation
techniques.
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For simplicity of representation let us first assume that 7" € R is a square and scalar
Toeplitz matrix. It is then possible to construct a circulant C' € R with m > 2n — 1
such that T is the leading n-by-n portion of C' [65, Section 4.2.4],

to ot 4]0t . h
- 11 to : - 41
C= "0 0 . (2.37)
P . . .
to it 10t .ty

Now, the matrix-vector product Tz can be recovered from the first n elements of

x

Cy=0C 0

(2.38)

The convolution vector z of two vectors z,y € R is defined by

z = rTY 41—, J=1...,n.
=1

On the other hand, the deconvolution of z and y is given by z.

The matrix-vector product (2.38) can be expressed as the convolution of C'e; with y.
By applying a standard method for fast convolution the following algorithm computes the
product Tz in 7.5mlog, m flops.

Algorithm 2.21 [65, Algorithm 4.2.1] Given the first column ¢, the first row r of a Toeplitz
matrix 7' € R and a vector z € R then the following algorithm computes y = T'x.

Let t be the smallest integer so that 2 > 2n — 1.
g(l:n)=c
gm+1:2 —n+1)=0

(
(
(1:n) ==
(n+1:2)=0
= ifft(££t(g). « ££t(h))

Implementation issues and matrix representations for the fast Fourier transform (fft)
and the inverse fast Fourier transform (ifft) are given in Van Loans book [65]. For an
efficient implementation it is assumed that these fast transforms take into account that g,
h and y are real. Furthermore, it is desirable that certain permutations, namely the triple
application of the bit reversing operator, drop out of the process. Indeed this is possible
[13]. However, the resulting implementation is quite cumbersome and does not promise
a considerable speed up. An alternative to the fft is the fast Hartley transform (fht).
While being better suited for real data than the fft, the fht has a comparable accuracy
[68].
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For presenting fast transforming algorithms it is common to count the elements of
vectors and matrices starting from subscript 0 instead of 1. If not otherwise stated we use
this convention for the rest of this subsection.

A vector 7 is said to be the Hartley transform of z € R if

. - 2kjm
T = cos
=0

. 2kgm
—+ sin
n n

Let F' denote the DFT matrix, that is,

—2mij

F = exp
=0

F' is hermitian and scaled unitary. The Hartley transform stated in matrix-vector language
is

t=H xv:= Re(F ) —Im(F ))x.
From
H =H =nH™,

we see that the Hartley transform and its inverse are essentially the same. By defining

1 1 0

IR PR P - 1—3i | 0:1
2 2 2 - 2 :

d

we get
H =% F.

Here we stress the fact that F =T F .
Now we are ready to prove a fast convolution lemma for the Hartley transform.

Lemma 2.22 Let z be the convolution vector of two real vectors x and y. Then
2H z = (I +T)H z).«(Hy)+ (T H=x).x((I —T)Hvy), (2.39)
and for the deconvolution

Hz = [(Hz).x((I +T)Hy) —(TH=x).x((I —T)Hy) (2.40)
J(H y).x (H y)+ (T Hy).« (T Hy)].

Proof: The result (2.39) follows immediately from the equality

Hz=®F:2:=30 ((Fx).x(Fuy))

using the fact that permutations and summations can be distributed over the point-
wise multiplication operator .x. (2.40) is proven analogously. 0
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It should be pointed out that at least (2.40) in Lemma 2.22 is not a novel idea, see e.g.
[68].

The fht algorithms are best described in terms of Kronecker products [65, Section
4.3.11]. Using two vectors of length L/2,

c = cos(f) cos(20) ... cos((L

- 1)9) ’
s = sin(#) sin(20) ... sin((L —

ne)

with § = —27/L, let us define the Hartley butterfly matrix as

1 0 1 0
B - 0 I 54 0 diag(c) —diag(s)E 21
1 0 -1 0 '
0 I 51 0 —diag(c)+diag(s)E 51
where £ = 6 o_;_ _:10 denotes a permutation matrix of order L/2 — 1. An already

mentioned permutation is the bit reversing operator P which is used in the following
algorithm to compute the fht.

Algorithm 2.23 If x € R and n = 2, then the following algorithm overwrites x with its
Hartley transform H zx.

r=Puzx
for | =1:¢ do
L=2
r=( ®B )z
end
From
(I ®Bgt):----- (I ®B))P =H =H =P (I ®B;)...(I & By)

we derive a transposed version of Algorithm 2.23 as

Algorithm 2.24 If x € R and n = 2, then the following algorithm overwrites x with its
Hartley transform H zx.

for/=1:tdo
L=2
r=(I ®B)r
end
r=Pzx

Exploiting the sparsity of the matrices (I ® B ) resp. (I ® B ) shows that both
algorithms require 2.5nlog, n flops. The implicit multiplication with P can take up to
30 % of the execution time. With the following result we employ fast convolutions using
scrambled Hartley transforms.
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Lemma 2.25 Let n =2, then

Proof: By induction on ¢. The case t = 1 is trivial. For 2m = n > 1 the matrix P
may be represented as

P=T(P &P )=(P &P )

where Il is the even-odd sort permutation, i.e.

_ z2(0:2:n—2)
Wr=" i 2:n-1)
The induction step is then given by
PTP = (P P )ITIO (P &P )

(P @P )T @E )(P &P)
— (PTP &PEP)=(S ®E ).

Thus, the Hartley convolution identity (2.39) can be written as

2PHz = (P(I +T)H z).«(PHy)+(PTHz).«(P(I —T)H y)
= (I +S)PH=z).«(PHy)+(SPHz).%«((I —S5)P H y),

and the deconvolution (2.40) as

PHZ = [([PHz).x(I +S)PHvy)—(SPHux).x((I —S )P H y)]
JI(P Hy).«(PHy)+(SPHy).x(SPHy)

We finally arrive at an efficient algorithm for computing the Hartley convolution.
Algorithm 2.26 If 2,y € R and n = 2, then the following algorithm overwrites x with

the convolution {deconvolution} of z and y:

Update z = P H x and y = P H y using Algorithm 2.24 without the last step.

z(0: 1) =2(0: 1). % y(0: 1) {x(0: 1) = x(0: 1)./y(0: 1)}
for/=1:t—1do

s =2
fori=0:s/2—1do
T 4+ 1 Y4t Yy —Y2 - ty T 4
To_ 1 2 —yq Y1 Yi +Y_ To _ 1
end
end

Update © = H P x using Algorithm 2.23 without the first step.
Scale © = x/n.
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This algorithm requires 7.5nlog, n flops as Algorithm 2.21 does. The graphs in Figure 2.3
show that the Fortran 77 implementation CONVH.f of Algorithm 2.26 is up to six times
faster than the SLICOT routine DE010D.f which uses two complex (i) ffts for computing

convolutions.

We now turn to the block convolution of two block column vectors.

The pre- and

postprocessing steps consist of repeated applications of fast Hartley transforms. An inter-
esting point to note is that now Algorithms 2.23 and 2.24 can be presented by means of
vector operations. Let us demonstrate this concept for computing the Hartley transforms

of scrambled block signals.
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Algorithm 2.27 This algorithm overwrites a given block column vector X € R*"  with
the kl Hartley transforms of the bit-reversed vectors X (s: k: 2 k,t), s = 1,...,k,

t=1,....1
fort=1:1do
forp=m-—-1: —1:1
0=—m/2

fori=0:2" '—1do
for j=0:2 "'-1do

G 2 T+ 0:k—1
& 2Ti+2 4+ - 0:k—1
a0 2142 — ' 0:k—1
s 2 Tl 42—y 0:k—1
= X(Gi.t) — X(@.1)
sz(q},t)—X(qﬁ,t)

X(Gi.t) = X(d.t) + X (2. 1)
X(gs,t) = X(G5,t) + X (qa, t)

. . B cos 70  sin 50
X(QQat) X( 4,t) = N sin j60 —cos j6

end

end

fori=0:n/2—-1do
y1=X((2i+1)k: (20 +2)k — 1,t)
X((2i 4+ 1)k: (20 4+ 2)k — 1,t) = X(2ik: (20 + 1)k — 1,t) — 1
X (2ik: (2i+ )k —1,t) = X(2ik: (20 + 1)k — 1,t) + 3

end

end

For further implementation issues inspect the Fortran 77 routine TPMULT. f.

As the consequence of a block formulation of Lemma 2.22 we get the following block
version of Algorithm 2.26.

Algorithm 2.28 If X € R*” and Y € R?™ | then the following algorithm computes
Z € R?"  as the block convolution of X and Y.

Overwrite X with the bit-reversed Hartley transforms of X (s: k: 2 k —1,t)
fors=0,....k—1landt=0,...,] —1.

Overwrite Y with the bit-reversed Hartley transforms of Y(s: [: 2 [ —1,¢)
fors=0,....k—landt=0,...,] —1.

Zo= Xo* Yy

Zl = X1 * Yi
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fort=1:m—1do

5 =2
fori=0:s/2—1do
Z 4 _1 Xe+ X Xy X Yy
Zy — 1 2 X +Xoo 4 Xy +Xo o Yo -
end
end

Overwrite Z with the Hartley transforms of the bit-reversed vectors
Z(s:k:2 k—1,t)fors=0,....,k—landt=0,...,p— 1.
Scale Z = Z/n.

Let us consider the product T - B, where T' is an m-by-n block Toeplitz matrix with
k-by-l blocks and B is a general nl-by-r matrix. Our main goal is to minimize the number
of matrix-by-matrix multiplications involving a k-by-l matrix on the left hand side and an
[-by-r matrix on the right hand side. In the following this number is denoted by #mm.

For conventional multiplication algorithms, as implemented in the LAPACK subroutine
DGEMM, we effectively have #mm(Multiplication) = mn. On the other hand, for Algorithm
2.28, this value is given by max(2 ™' — 2,1), where p is the smallest integer such that
2 > m+n— 1. Figure 2.4 is a surface plot of the function #mm(Algorithm 2.28)
- #mm(Multiplication) evaluated at different points (m,n). We filled areas where this
function takes large negative values with a dark color, and the small area where conventional
multiplication is superior has a white color.

Figure 2.4: Surface plot of #mm(Algorithm 2.28) — #mm(Multiplication).

On modern computers, forming T'B by conventional matrix-by-matrix multiplication
is a very efficient and highly optimized process. It is doubtful whether Algorithm 2.28
with its poor memory reference pattern and optimizer unfriendly structure can beat the
performance of the LAPACK subroutine DGEMM for modest matrix dimensions. Figure 2.5
shows that convolution is always a good idea when dealing with point Toeplitz matrices.
However, for small block sizes k,1 > 1 and dimensions n, m straightforward multiplication
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Figure 2.5: Multiplication versus convolution for point and block Toeplitz matrices.

is often the better advice. To be more specific, karl revealed after extensive performance
tests that only if mn > max(2 ' —2,1) and

mn klr
— > 950 2.42
p skl+lr+kr) = 7 (2.42)

then block convolution should be preferred. Inequality (2.42) is certainly a crude rule of
thumb and should be adapted when using different computer architectures.

2.7.2 QR Factorization

To illustrate the concept of the Schur reduction process for rank deficient matrices let us
calculate a made-up example with

Example 2.29 Let T be a block Toeplitz matrix with £ =1 = 3 and m = n = 4, defined
by its first block column and row,

T(1:12,1:3) =

(R
o = =
o N

T(1:3,4:12) =

— == W N
—_ == W N
— = O W N =
=N = W N
— == W N

O DN W N
W W W Wi
O NN W N
W W W Wi



Then, by Theorem 2.20, a generator of 7" T is given by

[ —9 0554
—3 0921
—5 9633
-3 0921
—6 1842
—9 2762
—3 0921
—6 1842
—9 2762
—2 7608
—5 5216

L —7 2885

0

23322
19557
14746
29492
44238
14746
2 9492
4 4238
14851
29701
4 4866

0
0

—1 2706
0 2541
0 5082
07623
0 2541
0 5082
07623
02894
05788
09741

O WNHEWN=OOO

N WNFEWN = OOO
=== W N = WN =0 OO

0

0

0
-3 0921
—6 1842
—9 2762
—3 0921
—6 1842
—9 2762
—2 7608
—5 5216
—7 2885

0

0

0

14746
2 9492
4 4238
14746
2 9492
4 4238
14851
29701
4 4866
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0

02541
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07623
02541
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07623
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WNHFHWNHE=OHOOO
WNHFHWNHEOFHOOO
WNHFHWNHEONNOD OO

where columns 1 <+ 2 and 2 < 3 of T are swapped. The first reduction step is free,
the first 3 columns are moved 3 positions downward:

[ —9 0554
—3 0921
—5 9633
-3 0921
—6 1842
—9 2762
—3 0921
—6 1842

L —9 2762

0

23322
19557
14746
29492
44238
14746
2 9492
4 4238

0
0

—1 2706
0 2541
0 5082
07623
0 2541
0 5082
07623

== O W - WN -

— N O N W N
— O N WO N

-3 0921
—6 1842
—9 2762
-3 0921
—6 1842
—9 2762
—2 7608
—5 5216
—7 2885

14746
2 9492
4 4238
14746
2 9492
4 4238
1 4851
29701
4 4866

02541
05082
07623
02541
05082
07623
02894
05788
09741

WNFWNF=O
WNFWNFOFE -
WNFWNFONN

Now, the semidefinite Cholesky downdating algorithm yields a swap of columns 4 <> 6

and the generator

13416 0 0 0 0 0
8944 —2 3325 0 0 0 0
4472 —1 9549 12724 0 0 0
4472 —-10974 10179 0 0 0
8944 —21948 2 0358 0 0 0
13416 -3 2922 3 0537 0 0 0
4472 —1 0895 1 0444 0 5000 05774 05774
8944 —-21791 20888 1 07887 —02113
L 13416 -3 2450 32127 3 0 0
0 0 0 0 0 0 1
—2 3325 0 0 0 0 0
—1 9549 12724 0 0 0 0
—10974 10179 0 0 04000 -0 2000
—21948 2 0358 0 0 0 8000 —0 4000
—3 2922 3 05637 0 0 12000 -0 6000
—1 0895 1 0444 0 0589 0 1557 04035 —01930
—21791 20888 01179 03114 08070 —0 3860
—3 2450 32127 03537 09342 12210 —-05581 |

where columns 2, 3,6 and 7 can be safely removed. Column 1 is moved 3 positions

downwards. The next downdating swaps columns 7 <+ 9:
~13416 0 0 0 ~13416 0 0 0
08944 0 0 0 —08944 0 0 0
04472 0 0 0 04472 0 0 0
—04472 —03760 06259 06193 |—04472 —00368 00162 01617
08944 —09300 08878 —01163 |—08944 —00736 00324 03235
~13416 —29681 03100 03067 | 13416 —02208 00973 09705
Hence, columns 1 and 4 can be removed. However, columns 2,...,4 and 6,...,9 must

be preserved and their nonzero parts form the new generator. The last reduction step
yields the column swaps 10 <> 12, 11 +» 12 and

2 8284
04714
0 9428

0
0 8165
0 4082

0
0
07071
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Overall we have constructed a factor

" —9 0554 0 0 0 0 0 0
-3 0921 2 3322 0 0 0 0 0
—5 9633 19557 —1 2706 0 0 0 0
—9 2762 4 4238 07623 1 3416 0 0 0
—6 1842 2 9492 05082 08944 0 0 0
_ | —30921 14746 02541 04472 0 0 0
| —92762 4 4238 07623 1 3416 0 0 0
—6 1842 2 9492 05082 0 8944 0 0 0
-3 0921 14746 02541 04472 0 0 0
—7 2885 4 4866 09741 1 3416 2 8284 0 0
—2 7608 14851 02894 04472 04714 0 8165 0
\_ —5 5216 29701 05788 08944 0 9428 0 4082 07071 |

which satisfies
RR =PT TP ,

where P is the column permutation matrix for the permutation

3126 5 49 87 12 10 11

Gallivan et.al. [25] describe the generalized Schur algorithm as a valuable tool for the
QR factorization of rank deficient block Toeplitz matrices. Later it was pointed out that
this might only apply if there is a sufficiently big gap between the significant singular values
and the negligible ones [47]. This coincides with our numerical experiments. For example,
the algorithm failed when applied to the subspace identification problem of a mechanical
flutter [47]. For such problems one should rather convert the matrix to a Cauchy type
matrix and apply a reduction with pivoting [27, 32].

Accuracy Results

For most of the other identification problems of the database DAISY the associated Hankel
matrix 2.1 is of full rank. Table 2.2 gives a summary description of the applications
considered in our comparison, indicating the number of inputs m, the number of outputs
[, the number of block columns s, and the number of rows of H. In Table 2.3 some results

Appl. # Application m [ s N
1 Glass furnace 3 6 10 1227
2 Flexible robot arm 1 1 20 984
3 CD player arm 2 2 15 2018
4 Ball and beam 1 1 20 960
5 Wall temperature 2 1 20 1640

Table 2.2: Summary description of applications.

for the computation of the QR factorization of H are presented. Let () and R be the
factors from the Fortran routine TFULQR.f and () and R from the LAPACK routines
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DGEQRF.f and DORGQR.f. Then the following values are shown in the table,

b = [[H H-R RI/||H Hls,
r = |[H-QRl|:/||H|2,
o = [I-Q Q |2,
c = [[R =R [/ ]
Appl. # b r 0
1 1.15 x 107 3.00 x 107 7.02 x 10~
2 414 x 107" 7.04 x 107 6.59 x 10~
3 1.37 x 1071 342 x 1075 7.04 x 1071°
4 1.12x 1071 218 x 1071 4.87 x 1071
5 243 x 1071 522x%x 10716 6.24 x 10715
Appl. # b r 1) c
1 210x 107" 387x10 ™ 1.00x10 % 134x10 M
2 2.66 x 107 3.76 x 107> 3.40 x 10°°F 1.90 x 107
3 894 x 10716 3.45 x 10~'® 1.05 x 1079 9.53 x 109
4 2.15x 107 513 x 107" 5.63 x 107" 4.97 x 10°13
5 1.44 x 107 208 x 107 394 x1071° 6.48 x 10713

71

Table 2.3: Comparative results for computing the QR factorization.

Since the orthogonal factor is implicitly obtained from the formula H(R R)™'R the
disappointing results for the values o and r are not surprising. Computing the orthogonal
factor by the Schur algorithm is often pointless when no reorthogonalization schemes are
applied afterwards. The extreme case is represented by the robot arm (application #2)
due to the fact that the involved Hankel matrix has a condition number close to 1/,/eps.

On the other hand, the factor R has a low relative backward error which is especially
useful when solving normal equations [57].

Performance Results

Although the existence of a high performance Toeplitz toolbox, including QR factoriza-
tions, was announced in [25]; it has not appeared yet. The only benchmark results not
extrapolated from Matlab routines or flop counts were given in [31]. However, it should
be mentioned that [31] uses completely different blocking techniques. Therefore, without
accuracy results, it is hard to tell the value of the algorithms. Additionally, the codes are
not released for public. For k =1 = 5 and m = n = 200 it is stated in [31, page 59|
that the implemented algorithm ”performed about 10 times faster compared to SGEQRF”
when computing the R factor. karl required 5.90 seconds for the call of the LAPACK
routine DGEQRF . f applied on the explicitly constructed block Toeplitz matrix. It took only
0.51 seconds when using TFULQR.f. For £ =1 = 50 and m = n = 8 the slow and the fast



72 CHAPTER 2. MATRICES WITH BLOCK DISPLACEMENT STRUCTURE

algorithms require approximately the same time in [31, Figure 8.2]. In this case a call of
DGEQRF . f yields 0.42 seconds execution time and TFULQR.f 0.37 seconds.

To provide information about the influence of the four different dimensions k, [, m and
n on the execution times we summarize the most significant performance results in Table
2.4.

TFULQR.f DGEQRF.f/

DORGQR.f
blocked k [ m n| R Q R Q
n/a 1 1 4096 2048 0.71 2.73 355.00 355.02
n/a 1 1 2048 4096 1.98 1.40 339.50 127.29
yes 4 4 1024 512 1.99 8.47 355.00 355.02

yes 4 4 512 1024 5.70 4.18 339.50 127.29
yes 16 16 256 128 4.81  29.56 355.00 355.02
yes 16 16 128 256 | 13.84 1395 339.50 127.29
yes 64 64 64 32| 20.09 164.64 355.00 355.02
no 64 64 64 32| 48.77 210.09 355.00 355.02
yes 64 64 32 64 | 53.58 62.24 339.50 127.29
no 64 64 32 64 | 134.49 100.23 339.50 127.29
yes 128 32 32 32 6.31 4498 110.21 110.09
no 128 32 32 32| 17.60 154.37 110.21 110.09
yes 32 128 32 32| 26.81 815 76.88  10.53
no 32 128 32 32| 6943 16.07 76.88  10.53
yes 512 512 4 41109.36 117.96 127.16 128.10
no 512 512 4 41271.85 623.21 127.16 128.10

Table 2.4: Execution times in seconds for the QR factorization using TFULQR.f and
DGEQRF.f.

2.7.3 Banded QR factorization

Let T have only m lower and n upper nonzero block bands, that is T = T = 0 for
t < —m and j >n . If one is only interested in computing R, then during the application
of the generalized Schur algorithm the generator has at most n +m + 1 nonzero blocks in
each column. The Fortran 77 routine TPQRB.f exploits this sparsity and thus requires less
execution time and memory space. Both figures are improved by an approximate factor of
n/(m +n +1).

2.7.4 Direct Least Squares Solution

For over- or underdetermined systems we want to find a vector x such that Tz is in a sense
the "best” approximation to b. A choice motivated for statistical reasons [9, Section 1.1]
is typically

min ||Tz — bl|2 (2.43)
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for overdetermined and
min ||ylla, T z =0Tz — b||2. (2.44)

for underdetermined systems. Here, T still denotes an mk-by-nl block Toeplitz matrix but
from now on we assume that 7" is of full column rank. This assumption particularly implies
that T" T is positive definite.

In a recent article Park and Eldén [57] discuss several existing and new approaches for
solving linear least squares problems involving Toeplitz matrices. They propose to refine
the obtained solution from a fast solver by using corrected seminormal equations. It must
be noted that for ill-conditioned 7" T the Schur algorithm is not useful if not combined
with such correction steps afterwards. And sometimes even this strategy is not successful.
However, this rather subtle question goes beyond the scope of this treatment.

One interesting fact not mentioned in [57] is that a direct solution of the normal equa-
tions

T Te=T b,

being formally equivalent to the solution of (2.43), can be computed without saving R
from a QR factorization. Although memory is nowadays cheap, it still makes a difference
whether an algorithm requires O(I?n?) or just O(In) additional memory.

Similar to the direct solution of linear systems (Remark 2.19, the derived method is
numerically the same as computing the Cholesky factors R and L such that

TT=RR (TT)'=L 1L,
by the generalized Schur algorithm and solving the equation
Rx=LT b

by blocked backward substitution.
Our generalized Schur algorithm is built on the embedding

TT =TV

, 0 (2.45)

where z is the Schur complement of T" T'.
The solution for the underdetermined system (2.44) is given by

x=T(T T)™'b,
which may be represented as the Schur complement of T T in

T T —b

T (2.46)

Both embeddings clearly have low displacement ranks and analogous to Theorem 2.20 gen-
erators for (2.45) and (2.46) can be easily constructed as shown in the following corollary.



74 CHAPTER 2. MATRICES WITH BLOCK DISPLACEMENT STRUCTURE

Corollary 2.30 Given the QR factorization of the first block column of a block Toeplitz
matriz T' € R with full rank,

Ty Co
: = : Ry, (2.47)
T C .
where Ry is upper triangular, and
So Co Ly
: =T : , : =T b (2.48)
S -1 C_ +1 L -1

Then generator pairs for (2.45) and (2.46) are given by

0 0 Ly

N
Ho
3

=

£

R0 0 | R,! 0 0o
0 0 0 0 0
0 0 0 0 0
So 0 0 0 0
St T, St T 4]0
Yi = :
S -1 T —1 S -1 T E— 0
0 0 0 0 -1
and
So 0 0 0 By
Sl Tl Sl Tf 41 Bl
_ S -1 T —1 S -1 T E— B -1 _
Ol 0 01 0 0
c 1 0 |C 4 0 0
respectively.

Similar to Section 2.6.3 the solution of (2.43) or (2.44) can be recovered after the
application of n — 1 block Schur steps to one of the generators presented in Corollary 2.30.
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2.8 Toeplitz plus Hankel systems

The QR factorization of Toeplitz plus Hankel matrices plays a role in applications like
moving average processes [74]. This section shall rather lay a foundation stone for achieving
such factorizations than giving a complete treatment of this complex issue.

Of interest is now a displacement equation for A A where A=T+ H € R and

to ti ...t 4 h 1 ... Iy hyo

T = til , H = hil
. t hl .

t_ +1 t_q to ho h_1 h_ +1

Unfortunately, the right shift matrix Z does not give low rank in this case. One has to use
Z + 7 as the displacement operator and consider the transformation

V(A A =Z+7Z)AA—A AZ+27). (2.49)

The matrix V(A A) is skew-symmetric and hopefully of low rank. Similar to (2.3) we call
G € R % a generator of VA A if G satisfies

VA A=d G .

0 I
-1 0

Recently, Heinig and Olshevsky [33] proposed a new algorithm for displacement equa-
tions of the form (2.49). A different version, which exploits the symmetries in (2.49), is
given by the following algorithm.

Algorithm 2.31 Given a generator G € R 2 for VA A this algorithms computes a lower
triangular factor L such that LL = A A.

r=e A A

F=7Z+7

fork=1:n—1do
z=r(l); l=r/Vz
L(k:n,n) =1
TQZ((F—FHI — _|_1)’I“—GJG(]_7§) )/F12
r=ry(2:n—k+1)—7r(2)/y/rl(2: n—k+1)
F=F2:n—k+1,2:n—k+1)—F(2,3)/\zl(2: n—k+ 1)
G=G-1/yxlIG(1,:)
G=G(2:n—k+1,:)

end

L = sqri(r)

The above procedure is implemented as the Matlab routine tphqr.m. An analytic
expression for GG is given by the following lemma.
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Lemma 2.32 Given the Toeplitz matriz T, the Hankel matric H, A= (T + H) (T + H)
and

c=JAei+ 7 Aey — Aey, d=7Ae +7 Ae — Ae _;.
Then a generator G for the displacement VA A, as defined in (2.49), is given by

c1 0 0 0 10 0 0
Co d2 tg‘i‘h,l t_ +1+h72 0 0 t1+h,2 t_ +2+h,1

ts+h o t- o4+hs|: © ta+h 3 t- 43+h

Cc _1 d,1 t,1—|—h2 t,2+h, +1 0 0 t,2+h1 t,1+h,
c d 0 0 01 0 0

Proof: Note that only the vectors ¢ and d contribute to the borders of the product
GG . It readily follows that

1
VA AGG = -2

1

SO O =
O * O
o OO -

The inner region of VA A, denoted by the star, is the annoying part of the proof.
Since

we have for 4,5 > 2 that

e (VA Ale = e (Z4+7Z )A Ae —e A A(Z+7Z )e

= (Ae 1+ Ae 1) Ae —(de) (Ae 1+ Ae 11)

= (ZTe +t_ y 1e +ZHe +h _ ;164
+7Z Te +teg+7Z He +he ) (T+ H)e
—e (T+H) (ZTe +t_ y 1e +ZHe +h _ 164
+Z Te +tei+Z He +he)

= (t- 1 16 +h _jes+tes+he ) (T+H)e
—e (T+H) (t. 4 1e +h _ jqe1+tei+he),

completing the proof. O

Recently, Benner et.al. [5] presented an algorithm for computing Cholesky-like factor-
izations of skew-symmetric matrices. An interesting question, arising from this section, is
whether Algorithm (2.31) can be presented in terms of downdating/updating such factor-
izations.



Conclusions

We discuss performance and accuracy aspects of the periodic QZ algorithm. Blocked
formulations of the involved orthogonal transformations increase the data locality and
thus address the first task. For the sake of reliability the proposed implementation includes
balancing, implicit methods for computing shifts and carefully chosen deflation strategies.
It is also shown how other QZ like algorithms could benefit from these improvements.

The second part describes several variants of the classical Schur algorithm which we
implemented for the computation of various factorizations of Toeplitz and block Toeplitz
matrices. The considered problems always implicitly rely on the Cholesky factorization
of semidefinite matrices, for which the Schur algorithm has been shown to be numerically
reliable. Numerical results substantiating this claims are included.

Ready to use FORTRAN 77 routines complement this work.

7
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Appendix A

An Arithmetic for Matrix Pencils

An arithmetic for k-matrix pencils can be found in Benner and Byers [3]. The representa-
tion of formal matrix products with inverses as linear relations on R xR is an alternative
way to avoid the hobbling use of inverses involving singular matrices.

In this appendix, the main concept is reviewed.

Definition A.1 A linear relation is a set of ordered pairs of the form
(E\A) :={(z.y) eR xR | Ey = Az}, (A.1)
for some matrices A€ R * and E € R * .
Note that in the case of a regular matrix E, the relation (A.1) can be considered as a
linear transformation representated by the matrix E~'A. Though every linear relation is
clearly a vector subspace of R? the converse is not true. For example the trivial subspace

{(0,0)} CR* cannot be represented by a linear relation in the sense of Definition A.1.
Furthermore, the representation of relations is not unique; we have the following lemma.

Lemma A.2
(E\A) = (E\A) (A.2)

holds if and only if there exists a nonsingular matriv M such that E = ME and
A=MA.

Proof: If E = ME and A = MA, then the set equality (A.2) trivially holds.

On the other hand, if (E\A) = (E\A) then kernel E = kernel £ which implies the
existence of a matrix Vs, with V, V5, = I, such that EV, = EV, = 0. Furthermore,
we can find an orthogonal matrix V = Vi V5 such that EV; and EVl have full
column rank. Hence, there exist nonsingular matrices P and ) with

I 0 ~ I 0
E=P '\ o V. E=Q |, V.
Then, (A.2) is equivalent to the condition that
I 0 (/S R 1 I 0 Y1 _ -1 T
0 0 Y2 b4 T2 <~ 0 0 Y2 =4 T
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Bll Bl2

holds for all 21, € R and 25,95 € R = T!. By partitioning B =
By B

analogously, this equivalence is transformed to

Bi1z1 + Biazs =y o B~11$1 + B~12$2 =
Ba1x1 4+ Baaxg =0 Boi1 + Baaxg =0 7

which yields
kernel By, Bsy =kernel By By Ckernel By — Byy Bys — Bis

Thus, there exists a nonsingular matrix 7" and a (possibly singular) matrix S such

~ I S . .
that B = 0T B. Finally, setting
. I S _1
M=qQ 0T P
completes the proof. O

Definition A.3 If(E;\ A1) and (E3\Asz) are linear relations then the composite or prod-

uct relation is defined by

(Bo\A)(E\Ay) = (2.2) €R xR JyeR : Ezz))i((gﬁi)) (A3)

Note that if F; and Fy are nonsingular then (A.3) corresponds to the product B, ' A, E; M A;.

Some simple rules

L (Bx\A)(I \Ay) = (E2\AzA,)
2. (E\I)(E1\Ay) = (ELE5\Ay)
3. (EN\A)=(FE E\A—FE A+ FE EA), where E denotes the Drazin inverse of
E.
4 (B\A) = (Bx\Ay) & (A\E1) = (A2\Ey)
5. If kernel AQ El — range _AEI then (EQ\AQ)(El\Al) = (ElEQ\AQAl).
2
Proof: Rules 1-4 are straightforward, for the proof of 5 see [3]. a

Collapsing For periodic eigenvalue problems the notion of collapsing as described in [4]
is of theoretical and practical interest. Given a composition of several linear relations

(B\AD(B2\As) .. (B \A ) (A.4)

we can always determine two matrices £ and A such that the relation (E\A) is equal to
(A.4). Using generalized SVD algorithms, the so called collapsing procedure is proven to
be stable for k£ = 2.

It now follows that for a k-matrix pencil (A, s) it is possible, without computing the pe-

riodic Schur form, to find two matrices F and A of the same order such that the generalized
eigenvalue problem A — A\E and (A, s) have the same eigenvalues.
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Appendix B
Periodic QZ Codes

All routines and their depending subroutines described in this
thesis are available as Matlab or Fortran 77 files under the URL

http://www.tu-chemnitz.de/ dkr/diplom/.

Here, for the readers convenience, only calling sequences and
inline-documentations of the main routines are listed. The doc-
umentation of the subroutine PGGBRD.f is ommitted since it is
virtually equivalent with that of PGGHRD. f.

B.1 Hessenberg Reduction

The Fortran 77 subroutine
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B.2 Periodic QZ Iterations

The Fortran 77 subroutine

SNOILVYALI ZO DIAOIYAd ¢d
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B.2. PERIODIC QZ ITERATIONS
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Appendix C

Block Toeplitz Codes

C.1 Linear Systems with s.p.d. Block
Toeplitz Matrices

(Inverse) Cholesky Factor:



Updating the

(Inverse) Cholesky Factor:
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C.1.

LINEAR SYSTEMS WITH S.P.D. BLOCK TOEPLITZ MATRICES
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Direct Solution:

APPENDIX C. BLOCK TOEPLITZ CODES



C.1.

LINEAR SYSTEMS WITH S.P.D. BLOCK TOEPLITZ MATRICES

Incomplete Cholesky Factorization:
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Banded Cholesky Factorization:



C.1.

LINEAR SYSTEMS WITH S.P.D. BLOCK TOEPLITZ MATRICES
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C.2 Least Squares Problems with
Block Toeplitz Matrices

Full Rank QR Factorization:

00T

SHAOD ZLITdHOL MOOTd O XIANHddV



C.2. LEAST SQUARES PROBLEMS WITH BLOCK TOEPLITZ MATRICES 101

Low Rank QR Factorization:
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Banded QR Factorization:



C.2. LEAST SQUARES PROBLEMS WITH BLOCK TOEPLITZ MATRICES 103
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Direct Least Squares Solution:



C.3 The Fast Hartley Transform and
Applications

Block Toeplitz Matrix-by-Vector Multiplica-
tion:

SNOLLVOI'IddV ANV WHOASNVYHL AHTLYVH LSVA HHL €D

G0t



106 APPENDIX C. BLOCK TOEPLITZ CODES



C.3. THE FAST HARTLEY TRANSFORM AND APPLICATIONS 107

Hartley Transform:

Circular Convolution:
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Thesen

10.

11.

12.

. Die vorliegende Arbeit setzt sich mit zwei Arten von strukturierten Matrizen au-

seinander. Zum einen werden periodische Eigenwertprobleme und zum anderen Block
Toeplitz Matrizen behandelt.

Es werden verschiedene Aspekte des verallgemeinerten Eigenwertproblems auf den
periodischen Fall iibertragen.

Ein neuer Algorithmus zur Ordnungsreduktion, umformulierte Algorithmen zur Hes-
senbergreduktion beziehungsweise Buckeljagd und eine angepasste Deflationsstrategie
fiihren zu erheblichen Laufzeitersparnissen.

. Ausbalancierung des zugrundeliegenden Matrixproduktes erhoht die Genauigkeit der

Eigenwerte bei skalierten Faktoren.

. Wie bei den traditionellen QR und QZ Algorithmen sind auch im periodischen QZ

die Shifts im Buckel enthalten.

Die erste Spalte des Shiftpolynoms last sich elegant iiber die Faktorisierung eines
Produktes berechnen.

Es existiert eine Verbindung zwischen dem Konzept der exponentiellen Aufspaltung
und einem neuen Deflationsverfahren. Auch wenn es nicht gelungen ist, exakte Wenn-
Dann-Beziehungen aufzustellen, so fithrt dieses Verfahren zur Konvergenz von bis
dato divergenten Problemen.

Geblockte Algorithmen fiir Toeplitzmatrizen und ihre Derivate lassen sich in einem
einheitlichen Gewand prasentieren.

Die Ausnutzung solcher Strukturen fithrt zu betréchtlichen Laufzeitersparnissen und
mitunter zu instabilen Algorithmen.

Zusatzliche Strukturen, wie etwa bei Bandmatrizen, konnen bei Cholesky- und QR-
Faktorisierungen in Betracht gezogen werden.

Die Hartley-Transformation ermdglicht schnelle Algorithmen zur Mulitplikation von
Block Toeplitz Matrizen mit allgemeinen Matrizen.

Viele der présentierten Algorithmen sind in der Form von Fortran 77 Programmen
erhéltlich, die gewissen Implementierungs- und Dokumentationsstandards geniigen.
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