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Abstract

The paper considers systems of linear first-order ODEs with a randomly per-
turbed system matrix and stationary additive noise. For the description of the
long-term behavior of such systems it is necessary to study their stationary solu-
tions. We deal with conditions for the existence of stationary solutions as well as
with their representations and the computation of their moment functions.

Assuming small perturbations of the system matrix we apply perturbation tech-
niques to find series representations of the stationary solutions and give asymptotic
expansions for their first- and second-order moment functions. We illustrate the fin-
dings with a numerical example of a scalar ODE, for which the moment functions of
the stationary solution still can be computed explicitly. This allows the assessment
of the goodness of the approximations found from the derived asymptotic expansi-
ons.
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1 Introduction

The present paper considers systems of first-order ODEs
z(t,w) = A(w)z(t,w) + f(t,w) (1.1)

for the random function z = z(t,w) on R x Q with values in C", n € N, which is
defined on a probability space (2, G, P), where G denotes a suitable og-algebra of subsets
of © on which a probability measure P is defined. Further, A denotes an n x n matrix
with random complex entries. The inhomogeneous term contains the random excitation
function f(¢,w) defined on R x © with values in C". It is assumed that f is strict- and
wide-sense stationary, pathwise and mean-square continuous and is independent of A.
In technical applications the random inhomogeneous term f is called additive noise.

The present paper deals with conditions for the existence of stationary solutions z to
(1.1) as well as their representation and with the computation of their moment functions
to given A and f.

A random function £ : R x Q@ — C™, m € N, is said to be stationary (in the strict
sense) if for every sequence ty,...,txy € R, N € N, the joint distribution of the random
vectors &(ty + 7),...,&(ty + 7) is independent of 7 € R. Further, a random function
z(t,w) is called a stationary solution of (1.1) if z pathwise satisfies Eq. (1.1) and if (z, f)
is a stationary random function, i.e., z and f are stationarily related.

The above problem arises e.g. in the investigation of the long-term behaviour of the
response of discrete vibration systems with permanently acting random external excita-
tions (see Soong, Grigoriu [16], Preumont [6] and |7, 13, 14]). Moreover equations of this
type arise as result of the semi-discretization of some kinds of partial differential equati-
ons (PDEs) with respect to the spatial variables using finite difference or finite element
methods. For PDEs describing random heat propagation in heterogeneous media (see
e.g. |4]) the random matrix A represents a random spatially varying heat conductivity
while the random process f represents random external heat fluxes on the boundary, heat
sources or ambient temperatures. For PDEs describing random vibrations of continuous
vibration systems we refer to [10, 11]. In this case the matrix A represents a random
spatially varying bending stiffness and f describes external excitations.

Especially in the mathematical modelling of vibration phenomena the modal analysis
and the use of so-called modal coordinates leads to equations of type (1.1) with complex
state variables and parameters. Therefore we consider this general case throughout this
paper and mention that the real-valued case is contained as a special case.

In the case of a non-random matrix A the stability of this matrix, i.e., all eigenvalues
of A possess strictly negative real parts, guarantees that a unique stationary solution
exists and solutions to initial value problems for Eq. (1.1) converge for t — oo to this
stationary solution (see Arnold, Wihstutz [2|, Bunke [3], p. 45ff). For the computati-
on of moment functions of the stationary solution there exist numerous methods, see
e.g. Soong, Grigoriu [16], Preumont [6], [7, 13, 14]. In general, these methods can not be
applied to the present case of a randomly perturbed matrix.
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The paper is organized as follows. Section 2 gives an explicit analytic representation of
the stationary solution of Equation (1.1) and proves its uniqueness. This representation
is the starting point of the computation of first- and second-order moment functions for
the stationary solution in Section 3. Decomposing the random parameters involved in
(1.1) into their respective means and centered fluctuation terms the stationary solution
can be decomposed in a similar way. Using this decomposition Subsection 3.1 gives ge-
neral representations of the considered moment functions. It turns out that an explicit
evaluation of the derived formulas is possible only in a very limited number of special
cases. Therefore we present in Subsection 3.2 an approximate computation applying per-
turbation techniques and derive the leading as well as first (non-zero) correction terms of
the corresponding expansions. These expansion terms are evaluated explicitly in Section
4. Thereby we restrict to a class of Equation (1.1) for which the correlation function of
the stationary solution in the case of an unperturbed matrix A is exponentially decaying.

Finally Section 5 presents some numerical results for the case of a scalar Equation (1.1)
with real random parameters. This is one of the rare cases where the moment functions
can be computed explicitly and we can study the goodness of the approximations using
the perturbation techniques.

Throughout the paper we use the following notation.

For a vector x € C" and a matrix M € C"*" we denote by |x| the norm of x and by
|M] some matrix norm of M which is compatible with the chosen vector norm, i.e., there
holds the relation |[Mx| < |[M] |x| for all x € C". If not specified otherwise the vector
norm |.| can be chosen arbitrarily. With x* and M* we denote the adjoint vector and
matrix.

The expectation w.r.t. the probability measure P is denoted by E{.}, the conditional
expectation by E{.|.} and the conditional probability by P{.|.}. For random vectors
&, (w), & (w) with values in C" the covariance matrix is denoted by

cov(§, &) =E{(§, —E{&,})(& —E{&:})"}

and for a stationary random vector function y(t,w), ¢t € R, with values in C" the
correlation function is defined as

Ry, (1) =cov(y(t),y(t+ 7)), T€eR

2 Stationary solution

In this section we give an explicit analytic representation of the stationary solution of
Equation (1.1) and prove its uniqueness. This representation is the starting point of the
computation of first- and second-order moment functions for the stationary solution in
Section 3. First we provide the corresponding result for the case of a non-random matrix
A which is known from the literature. (see e.g. Bunke [3], Theorem 3.5, p. 45ff; Arnold,
Wihstutz [2])
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Lemma 2.1

Assuming a stationary, a.s. pathwise and mean-square continuous excitation function f
and a non-random stable matrix A, i.e., all eigenvalues of A possess negative real parts,
then the linear first-order system

z(t,w) = Az(t,w) + f(t,w)
possesses the unique stationary solution
t 00
z(t,w) = / eATIE (y, w)du = / AU (t — u,w)du (2.1)
—00 0

in the a.s. pathwise as well as means-square sense.

If the matrix A is random and stochastically independent of the excitation function f a
similar result can be derived (see also Khasminskij [5]).

Theorem 2.2

Assuming a stationary, a.s. pathwise and mean-square continuous excitation function f
and a random matrix A with E {|A~2|} < oo, which is a.s. stable and independent of
f, then the first-order system (1.1) possesses the unique stationary solution

z(t,w) = / eAWE(t — u, w)du (2.2)
0
in the a.s. pathwise as well as means-square sense.

Proof.

The assumptions on A and f ensure that the integral in (2.2) exists and is well-defined in
the a.s. pathwise as well as mean-square sense. Obviously, z(t,w) given in (2.2) satisfies
Eq. (1.1), i.e., z is a solution in the a.s. pathwise as well as means-square sense.

In order to prove that z(t,w) is a stationary solution of Eq. (1.1), one has to show that
for arbitrary N € N, ¢1,...,txy € R and arbitrary Borel sets By, ..., By of C*" the
probability of the events C; € G defined by

ﬂ z(t; + s,w), £(t; + s,w)) € B;}

ﬁ{(/m ACIE(t 4 s — u,w)du, E(t + s, w)) eB,}, s ER,

does not depend on s, i.e., P(Cy) = P(C)).
Denote by Fa the (n x n-dimensional) distribution function of the random matrix A.

Then for the probability of the events C; it can be derived

P(C.) = B{P{C.[A}} = [ P(C.JA=MJdFs(M).

CnXxn
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Using that A is independent of f and that [~ eM“f(t — u,w)du is a stationary solution
of (1.1) for a fixed matrix A(w) = M it follows

P{C,{|/A=M} = P (ﬁ{(/ooo eM“f(ti+s—u,w)du,f(tﬁ—s,w)) = BZ}>

P ((N] {(/OOO Mg (t; uw)du,f(ti,w)) € BZ}>
- PIGIA - M)

which implies

P(C,) = / P{ColA = M}dFa (M) = E{P{Co|A}} = P(C))

CnXxn

and proves the stationarity of z. In the evaluation of the conditional expectation in the
above derivation the random matrix A has been replaced by M which is possible due to
the assumed independence of A and f (see e.g. Shiryaev [15], §7, p. 221).

It remains to prove the uniqueness of the solution. To this end two stationary solutions
z; and zy of Eq. (1.1) are considered and it is proven that the difference r = z; — zy
vanishes a.s. for allt € R .

Consider initial value problems for functions x on [tg, 00) X 0, ¢y € R, given by
x(t,w) = Alw)x(t,w) + f(t,w), x(tg,w) = Xo(w),

possessing for almost all w € 2 the unique solution

¢
x(t,w) = Ay (W) + /eA(“’)(t_“) f(u,w) du.

to
Since z; and z, satisfy Eq. (1.1) for all ¢ € R they coincide on [ty, 00) with the solutions of

the above initial value problem with initial values xy(w) = 2z (to,w) and xg(w) = z2(to, w),
respectively. For the difference r = z; — z, it holds for ¢ € [t, o)

r(t7 w) = Zl(ta w) - ZQ(ta w) = 6A(W)(t_to)(zl (t()a w) - Z2(t07 W))
Since ty can be chosen arbitrarily it holds
r(t) = eA=9)r(s), for all s,t € R with s <t. (2.3)

There hold the following assertions

1. eAlt=5) 22,0 for s — —o0, since A is assumed to be a.s. stable.
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2. r(s) is stochastically bounded, i.e., sup P(|r(s)| > ¢) — 0 for ¢ — oo, which follows
seR

from the relation

P([r(s)| > ¢) = P(|zi(s) — 2z2(s)| > ¢) < P(|z1(s)| + [z2(s)] > ¢)
P(lz(s)l > 5) +P(lz(s)] > 5)
~ P<||Z1(0)|| > g) +P(||z2( )| > 5) —0 VseR,

IN

where the stationarity of z; and zs has been used. Hence sup P(|r(s)| > ¢) — 0
seR
for ¢ — o0.

A9 p(s) LO for s — —o0,

since for any random function M : RxQ — C"*" with [M(s)| > 0 a.s. for arbitrary
¢ > 0 and € > 0 it holds

IM()] ()] > )
}r(s)' "I ot e =h) +

> i s > )
< P(pg £¢) HPUEG) > o)

P(|M(s)r(s)| >¢) < P
P

Since r(s) is stochastically bounded it holds ¥é > 0 3¢ = ¢s such that P(|r(s)| >
65) < g
Moreover with M(s) = eAt=35) it follows Ve > 0,Ves > 0 3sg such that Vs < s

P(m§05)2P0|M(S>||zC%> P( A=) > ) g

and it yields
Ve >0,¥5 > 0 3sq such that Vs < s, it holds P( A=) r(s)| > ¢) <

which proves the above assertion.

Relation (2.3) and assertion 3) imply r(f) = 0 a.s. V¢ € R, i.e., z; and 2z, coincide which
proves the uniqueness of the stationary solution. 0
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3 Moment functions of the stationary solution

3.1 Decomposition of the stationary solution

For the subsequent investigation of stationary solutions of Eq. (1.1) we require that
the assumptions of Theorem 2.2 are fulfilled and we consider the decomposition of the
inhomogeneous term

f(t,w) =f + £(t,w)

into the non-random constant mean f and the random fluctuation term ?(t, w). This ran-
dom process is stationary, pathwise and mean-square continuous, its correlation function
coincides with the correlation function of f.

Substituting the decomposition f(t,w) = ?—l—f'(t, w) of the excitation function into the re-
presentation (2.2) of the stationary solution z of system (1.1) the following representation
of z can be derived

z(t,w) = z(w)+z(tw)

where zZ(w) = AW Ty =—A " w) f

and z(t,w) = AW Tt — u, w)du.

\8%

0

Here, the random vector z can be considered as the response of the system to the mean
excitation f and the random process z as the response to the random fluctuations of the
excitation f. Theorem 2.2 implies that z is the stationary solution of the system

Z(t,w) = Aw)z(t,w) + £(t,w). (3.1)

Lemma 3.1
Under the assumptions of Theorem 2.2 it holds E{z(t)} = 0.

Proof. .
It holds E{z(t)} = [E {eA“ £t — u)} du. For the integrand it can be derived
0

E {GA“ f(t— u)} = E{e*} E {?(t - u)} =0
since A and f are independent and f has zero mean. This implies E {Z(t)} = 0.

O

The next theorem states a decomposition of first- and second-order moment functions of
the stationary solution z to system (1.1) which is helpful for the subsequent computation
of moment functions of z.

Workshop ,,Stochastische Analysis* 27.09.2004 — 29.09.2004
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Theorem 3.2

Let A~ possess finite second-order moments and let the assumptions of Theorem 2.2 be
fulfilled. Then for the mean and the correlation function of the stationary solution z of
system (1.1) it holds

E{z(t)} = E{Z}=-E{A'}f (3.2)
and Ry, (1) = cov(z,z)+ Rzz(7). (3.3)

Proof.

Using the decomposition z = z + z introduced above it follows E{z(t)} = E{z} +
E {z(t)}. Since A~! possesses finite second-order moments E {A~'} exists and for the
first term it holds E{z} = —E {A‘l}/f\ while Lemma 3.1 implies that the second term
vanishes. This proves Eq. (3.2).

To prove Eq. (3.3) again the decomposition z = z + z is used. It holds
R,.(1) = cov(z(t),z(t+ 7))

= cov(z,2) + cov(z(t),z(t + 7)) + cov(z(t),z) + cov(z,z(t + 7))
= cov(z,2) + Raz(7),

)

since the two last covariances vanish because of

cov(z(t),z) = E{z(t)z"} — E{2(t)}E{z"}
— EE{Z(HZ'|A} —0-E{z"}
= E{E{z(t)|A} z"}

_ E{/OooeA“E{f(t—u)|A} dua*}

= 0.

Here it has been used that Z = —A~'f is A-measurable and that f is centered and
independent of A. Analogously cov(z,z(t + 7)) = 0 can be proven. O

The above theorem shows that the influence of the random parameters A and f on the
moments of z can be separated. The mean Ez depends only on the distribution of A
via E{A 71} and linearly on the mean excitation f. For a centered excitation f, i.e., for
f= 0, the stationary solution is centered, too.

The correlation function R,,(7) can be decomposed into the covariance of z and the
correlation function of z. The first term cov(z,z) is invariant w.r.t. 7 and depends only

on the distribution of A and on f. It vanishes in case of a centered excitation f. The
second term Rj53(7) depends on the distributions of A and the fluctuating part f of the

excitation but not on the mean excitation f.

The explicit computation of the mean of z requires the computation of E {A'}, i.e., the
mean of the inverse of A. In the multi-dimensional case this is often very cumbersome
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or even impossible. The same holds for the computation of
cov(z,7) = E {A—l’f?*A**} — E7 (Ez)".
For the correlation function of z it holds
R;:(7) = E{Z)Z*(t+7)}=E {/w /OO AUt —u) P (t+ 7 —v)eP " du dv}
o Jo
= /OO /00 E {e*R5(1 +u—0)e* "} dudo,
o Jo

where the independence of A and f had been used. It can be seen that the evaluation
R;5(7) requires only second-order moments of f but the complete distribution of A,
since it is involved in the matrix exponentials. In general, an explicit computation of
expectations of these matrix exponentials fails.

Remark 3.3 Another way for the computation of the above correlation function makes
use of conditional expectations w.r.t. the random matrix A. This approach might be
useful for the computation of approximations of the correlation function R5z3z(7) based
on Monte-Carlo simulations. It holds

Ras(r) = B {30071 + 7)[A)}
= / E {/000 /000 A —u) £ (t+ 7 — 0)e® ™ du dv‘A = M} dFa(M)

C’!L Xn

— / E{/Ow/oooeM“'f(t—u)'f*(t+T—v)eM*Ududv} dFa(M)

where Fa(.) denotes the distribution function of the random matrix A and
RM(r) = E{/ / eM“f(t—u)f*(t+7—v)eM*”dudv}
o Jo
- / / MU R (1 +u — v)eM ™ dudv
o Jo

denotes the correlation function of the stationary solution of z=Mz +f, i.e., a system
with a non-random matrix M. In the evaluation of the conditional expectation in the
above derivation the random matrix A has been replaced by M which is possible due to
the assumed independence of A and f (see e.g. Shiryaev [15], §7, p. 221).

For special choices of the correlation function of the fluctuating part f of the excitation
(e.g. weakly or exponential correlated) it is possible to simplify the above double integral
and to find explicit representations or power series expansions (see Soong, Grigoriu [16],
[7, 8, 12] ).
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In many cases only partial information about the distribution of the random parameters
(e.g. only first- and second-order moments) is available. Therefore, in the next section
approximate representations of the moments of z in terms of first- and second-order
moments of A and f are derived by applying perturbation methods.

3.2 Perturbation methods

This section deals with the approximative computation of the mean and the correlation
function of the stationary solution z of Eq. (1.1). The main idea of the approximation is
the decomposition of the random matrix A(w) into its constant mean A and a random
fluctuating part which is scaled by a non-negative perturbation parameter 7, i.e., it is
set

Aw) =A +7C(w), withn> 0.

We consider the random matrix A as a perturbation of the constant matrix A. The
desired moments of z are expanded in powers of 1 and for sufficiently small values of
1 the appropriately truncated power series can be used as approximations of the exact
moments functions.

If in Eq. (1.1) the random matrix A is replaced by its mean while the excitation term f
remains unchanged the system

y(t,w) = Ay(t,om) + £(t,w) (3.4)

arises. We call the above system the "unperturbed system” since it contains the unper-
turbed matrix A. From Lemma 2.1 it is known that

y(t,w) = / eAu f(t —u,w)du
0

is the unique stationary solution of Eq. (3.4) since A and consequently A = E{A} is a
stable matrix.

If in addition to the random matrix A(w) also the random inhomogeneous term f(t,w)
is replaced by its constant mean, we get the so-called averaged system

x(t) = Ax(t) +f. (3.5)

This is a non-random system possessing the trivial stationary solution x(t) = ~AlF
which is non-random and does not depend on . We note that a non-random function is
stationary only if it is a constant function.

The mean of stationary solution y of the unperturbed system (3.4) coincides with the
solution of the averaged problem (3.5), i.e., it holds

E{y(t)} = /OOO AUE{f(t—u)}du=-A"'F=x
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The so-called "averaging problem” arises if one compares the solution x of the above
averaged system with the average of the stationary solution of the original system (1.1).
We will come back to this problem in Remark 3.5 below.

For the existence and uniqueness of the stationary solution z the matrix A(w) = A+
nC(w) is supposed to be stable and for the existence of first- and second-order moments
of z finite second-order moments of the inverse matrix A~!(w) are required. It is noted,
that the latter condition implies the existence of first-order moments of A~ (w).

In order to check these conditions in terms of the perturbation parameter 7 it is assumed
that A = EA is a stable matrix which implies the existence of A~!. Moreover it is
assumed that the matrix C is bounded, i.e., there exists a positive real number ¢ such
that |[C(w)| < ¢ a.s.. Then for sufficiently small n > 0 the matrix A(w) = A + nC(w)
is stable and its inverse possesses finite second-order moments. Define

ns = sup{n>0: A +nC(w)is a.s. stable}

ny = sup{n>0: E{H(K-F?]C)_IH2}<OO}

then for n < ng the matrix A is stable and for n < 7y, its inverse possesses finite
second-order moments. It is noted that the a.s. boundedness of the matrix C implies the
existence of first- and second-order moments of C as well as of A = A + nC.

3.2.1 Moments of z

For the evaluation of Formulas (3.2) and (3.3) the mean and the covariance of Z = —A~' f
are required. Substituting the representation A = A + nC the inverse of A can be
represented using a Neumann series

Al = (A+9C) = (AT+npA'C))!
= Y (Ao AT (3.6)
p

=0

-1
a.s. . Let

which is convergent for n < H:&*C‘

~ —1
ny =sup{n >0: n< HA_1C(w)H a.s.},
then the inequality
[a7c] < [a[ier<a A7

1
cof| &71]]

leads to the lower bound ny > for the radius of convergence of the Neumann
series.

The next theorem provides expansions of the first- and second-order moments of z in-
cluding the leading terms and the first correction terms which are of order n?.
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268 H.-J. Starkloft, R. Wunderlich

Theorem 3.4
For n < min{ng, ny} there hold the following expansions for n | 0
E{z} - (1+11—1 E{CA—lc}n2) x + o(1?) (3.7)
and cov(z,z) = AT'E{Cxx*C*}A* >+ o(n?) (3.8)
where x = —A~1 ¥,
Proof.
The Neumann series expansion (3.6) for A~! yields for n | 0
7 = —Alf=— (1 — Ao+ (Ao + 0(7,2)) A'F
= @—aﬁ*cn+(K”CW%ﬂ x + o(1’) (3.9)

For n < min{ns,ny} the moments E{z} and cov(z,z) are well-defined and from
Eq. (3.9) it follows

E{z} = (I —A'E {C}n+ A'E {CK‘IC} 772> X + o(n?)
= (I +A'E {C_?A’lC} 772> X + o(n?)

since E{C} = 0. This proves (3.7).
The proof of Eq. (3.8) uses the relation cov(z,z) = E{(z—E {z})(z—E {z})*} and the
expansion
2Bz} = (T-A'Cy+o(n)x— (x+o(n))
= —A'Cxn+oy)
which follows from (3.7) and (3.9). It results

cov(z,2) = AT'E{Cxx*C*} A* 'n? + o(n?).

Remark 3.5 With the help of the above theorem there can be given an answer (in
an approximative sense) to the so-called averaging problem which consists in the com-
putation of the difference between the average of the stationary solution E {z(¢)} and
the stationary solution x of the averaged equation (3.5). While for systems with a non-
random linear operator both quantities coincide this is in general not the case for systems
containing random operators or nonlinearities. It holds

E{z(1)} —~x=E{z} ~x=A"'E {c&—lc} 7 x + o(n?).
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3.2.2 Correlation function of z

The evaluation of Formula (3.3) for the correlation function of z requires the computation
of the correlation function of z which is the stationary solution of system (3.1). To find an
expansion of the latter correlation function in powers of 7 the function z is represented

as a power series
[ee]

Z(t,w) =Y _P(tw) (3.10)

p=0

with respect to the parameter 7. The coefficients °C, !¢,... can be found by substituting
series (3.10) into Eq. (3.1) and equating the coefficients of the powers of 7. First, this
procedure is carried out formally. A verification of the results is given afterwards.

The substitution of series (3.10) into Eq. (3.1) gives

> Pt w) P = (A +nC(w)) Y PC(tw) P + £(tw).

For the coefficients P( it results an infinite sequence of linear first-order systems
06 = A% +f
P = APCHCP¢ p2 L

According to Lemma 2.1 for the above linear systems with the non-random matrix A
stationary solutions can be found recursively as follows

%Utw) = /oo e’s“f(t — u,w)du
) (3.11)

o) = [ AW G- wwdu p2 1,
0
which imply the following explicit representation of P¢ in terms of °¢

Pe(t,w) = /ﬁ (e;‘“’“C(w)) 0t —uy —...— Up, w)duy ... du,, p>1.
o k=1

After the investigation of the coefficients of the perturbation series conditions for the
convergence of series (3.10) will be determined. We use the assumption on the stability

of A which implies the stability of fA, i.e., it possesses eigenvalues with strictly negative
real parts, only. Then positive real numbers Ay and vy exist such that He‘&“‘ < yp e tov
for all u > 0. Further, it will be used that the random matrix C is a.s. bounded and that
the function f is pathwise continuous on R. As an additional condition we impose the
pathwise boundedness of f.
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Theorem 3.6
Let the following assumptions be fulfilled

1. the matrix A is stable, there exist positive real numbers Ay and vy such that
eAtll < vpe % for u > 0,

2. fis stationary, with a.s. continuous and bounded paths, there exists a positive
random variable fy(w) such that Hf(t,w)” < fo(w), Vt € R, a.s.,

3. there exists a positive real number ¢ such that |[C(w)| < ¢o a.s. .

Then the series Y P¢(t) nP with coefficients P (t) given in (3.11) converges almost surely
p=0
with respect to w and uniformly with respect tot € R for n < np :=

Ao
vpco

Proof.
In a first step by means of mathematical induction it is proven that |2¢(¢)| is bounded

by

q
l¢ ()] < ”;—? (”;—j‘)) VieR, ¢=0,1,... ,a.s. (3.12)

We start with ¢ = 0 where it holds °¢(t) = [}~ eAvf(t — u)du and
I
Using assumption 1 it follows
I

Applying inequalities (3.13) and (3.14) it results

I°¢t)| A du VteR,as.. (3.13)

IN

o |5

eAu

du < / vy e du = . (3.14)
0 Ao

0 <Uofoivof0 voco \ " VieR
el < 57 =50 (%) VieRas.

Now assuming the assertion (3.12) is valid for ¢ < p the assertion for ¢ = p + 1 will be
proven. For P*1¢(t), it follows
<[ 1~
0

Vt € R, a.s.. Using relation (3.12) for P¢, relation (3.14) and |C| < ¢ it follows

p p+1
PHLE(¢ < Y . vofo [ voco _ vofo (Voo Vi€ R. as.
H ¢( )” = N Co —)\0 _Ao —)\0 —)\0 € R,a.s

Pc)| = H [ R —a IC] IP¢(t — W] du, (315)
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and the assertion (3.12) is proven.

From inequality (3.12) it results for the perturbation series

Z Pl < Z 1”¢(2) Ug\{:o f: (Uo)i?n>p Vte R, a.s..

Since the majorizing series converges for % < 1, a sufficient condition for the conver-

Ao

gence of perturbation series (3.10) is n < np = e 0O

Remark 3.7 If in addition to the stability of the matrix A (see assumption 1 in Theo-

rem 3.6) the diagonalizability of Ais supposed as an additional technical condition then
the positive numbers Ao and vg can be further specified. Let there exists a representation
A = VAV~ with a matrix A = diag(Aq, ..., Ap), containing the eigenvalues of A on its

diagonal and a regular matrix V. Because of the stability of A the eigenvalues satisfy
the relation Re[\;] < 0,i=1,...,n

The above representation of A yields

HeAu

= [Ver v < IVIVH e ]

It holds cond(V) = |V [V} where cond(.) denotes the condition number of a matrix.
If moreover the matrix norm is set to be column-sum, spectral or row-sum norm denoted

by .|y ]I, or ||, respectively, then it holds for the diagonal matrix e*"
R <y e
12,00 ’

for all u € R, can be chosen as
Ao = min [Re [\;]] and vy = cond; 2(V).

For other matrix norms the number vy has to be modified. If the matrix V can be
chosen as a unitary matrix then in case of the spectral norm it holds vy = condy(V) =
VI, V=, = 1.

Assumption 2 of Theorem 3.6 on the pathwise boundedness of the random process f
excludes e.g. Gaussian processes from the consideration. On the other hand the positive
random variable fy(w) which bounds Hf(t,w)” is not involved in the definition of the
bound 7p for the radius of convergence. Next we show that assumption 2 can be relaxed
by requiring the boundedness of f(¢) in the mean-square sense. This property is fulfilled
for stationary mean-square continuous random processes. Then it is possible to prove a
similar convergence statement in the mean-square sense (see Theorem 3.8 below). The
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class of mean-square bounded processes contains the pathwise bounded processes but
also Gaussian processes.

Let @ = Q(Q,G,P;C") be the space of random vectors with values in C" and finite
second-order moments equipped with the the norm

Il = (B {1€1°})z,

where € € Q is a random vector and |.| denotes some norm in C". The space Q is
known to be complete. For the convergence of a sequence (€,,) in the mean-square sense
it is necessary and sufficient that (§,,) is fundamental. Moreover if €, [, < ¢, with
cm € R, Vm € N and > ¢, < oo then )&, converges in the mean-square sense.

m m

Now we formulate the announced convergence theorem.

Theorem 3.8
Let the following assumptions be fulfilled

1. the matrix A is stable, there exist positive real numbers )y and vy such that
‘ Aull < g e % for u >0,

e
2. f is stationary, mean-square and pathwise continuous on R and there exists a
positive real number fq such that Hf(t)”g = fo, Vt € R,

3. there exists a positive real number ¢y such that |C(w)| < ¢y a.s. .

Then the series Y P{(t) n? with coefficients P{(t) given in (3.11) converges in the mean-
p=0

square sense with respect to w and uniformly with respect tot € R for n < np := 22

voco

Proof.
As in the proof of Theorem 3.6 we use the mathematical induction to prove that [7¢(#)] 4
is bounded by

q
7€ ()] o < ”;—f (ﬁ—?) VteR, ¢=0,1,... . (3.16)

For a non-random matrix M and a random vector & € Q there holds the relation

IMEJ, =E{IME[*} < E{IM|*[¢]°} = IMI"E {|¢]"} = IM|” |€] .

hence we have [Mg|, < |[M] €] 4. For ¢ = 0 the above relation yields

Py < [ e du VieR

oo o= [ |
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Applying inequality (3.14) to the integral on the right hand side it results

HOC(t)” < vo fo :Uofo VoCo 0 VieR
e N\ Ao Ao '

Now assuming the assertion (3.12) is valid for ¢ < p the assertion for ¢ = p + 1 will be
proven. For PT1¢(t), it follows
_ < / |
lo - | <

< [ |*ieree - g au
* Ku C P %
g/o A ®{|Cl et - wiP})? d

< / Allcy |PC(t—uw)|g du  VEER.
0

(laee

/OO e PE(t — u) du
0

e Pe(t — u)HQ du

Using relation (3.16) for ?¢ and relation (3.14) it follows

D p+1
pi1 Yo . Yofo (Voco\" _ vofo (toco Vi e R
H q( ”Q W o o ()\0) o o €

and the assertion (3.16) is proven.

From inequality (3.16) it results for the perturbation series

> fj rele w < B3 ()" e

p=0 p=0

Since the majorizing series converges for % < 1, a sufficient condition for the mean-

Ao
voco [l

square convergence of perturbation series (3.10) is n < np =

The a.s. convergence of the series {(t) = > P{(t) n* for n < np which follows from
=0

p_
Theorem 3.6 is the key result of the proof of the following theorem.

Theorem 3.9
Let f(t,w) be a stationary and an a.s. pathwise as well as mean-square continuous random
function. Further, let A(w) = A + nC(w) be a random matrix which is independent of

f and A = E{A} is assumed to be a stable matrix. Finally, let the assumptions of
Theorem 3.6 be fulfilled and let ng > 0 be such that for n < ng the matrix A(w) is
a.s. stable.

Then for n < ns Equation (3.1)
Z(t,w) = A(W)z(t, w) + £(t,w)
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possesses the unique stationary solution

z(t,w) = / AE(E — u,w)du
0

which admits for n < min{ns,np} a representation as perturbation series
o0

z(t) = > P¢(t) n* with coefficients P¢ given in (3.11).
p=0

Proof.

o0

First, we prove that for n < np the perturbation series {(t) = >_ P{(t) n is a stationary
p=0

process and stationarily related to f. Following the lines of the proof of Theorem 3 in our

paper |9] by means of mathematical induction it can be deduced that for all N = 0,1, ...
N

the processes ?, 0¢, ..., V¢ as well as the processes f and > P¢ P are stationarily related.
p=0

N

From Theorem 3.6 it is known that for n < np the series > P{(t) nP converges for N — oo
p=0

almost surely with respect to w and uniformly with respect to ¢ € R. Consequently, the

limit ¢(¢) = S P¢(t) n is stationarily related to f.
p=0

Now, it suffices to prove that ¢ satisfies Equation (3.1) for n < min{ng,np} since due
to Theorem 2.2, Eq. (3.1) possesses a unique stationary solution. Therefore, if ¢ satisfies
(3.1) then it coincides with the stationary solution z given above.

In order to show that ¢ satisfies Eq. (3.1) it is first proven that the representation

¢(t) = Z P¢(t) P is valid for n < np. To this end the uniform convergence of the formal
p_

differentiated series < ( Z ¢(t) n?) for n < min{ng,np} is checked. Using representation
(3.11) of the coeﬁﬁments pC formal differentiation leads to

[e.9]

jt(zpcu ') - Zpé(tmp
- i(Apc +CrCn) v
= A—l—nC ipc t)n? +f (3.17)

The uniform convergence of the series on the right hand side for 7 < min{ng, np} follows
immediately from Theorem 3.6. Moreover, from the above relation it follows {(t) =

Ac +§, i.e., ¢ satisfies Eq. (3.1) for n < min{ng,np}. O
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The series expansion of z given in Theorem 3.9 can be used to find expansions of the
correlation function of z in powers of 1. Using z = °¢C + '¢n + 2¢n? + o(n?) leads to the
following result.

Theorem 3.10
Let E{|A7?|} < co. Then under the assumptions of Theorem 3.9 the correlation function
of Z(t) = [;° eA £(t —u) du for n < ng possesses the expansion forn | 0

R;3(7) = Rogoe () + (Ragog () + Ragie (1) 4+ Rogae (1))07 + o(n?),

uniformly for all T € R where

choc(T) = //egulE {06‘&“20} ROCOC(T + uyp + Ug) duldu2,
0 0

RlClC(T) = //e&“E {C Rogog (T + up — ug) C*} AU duydusy
0 0
and ROCQC(T) = ;COC(_T)

Proof.
The assumption E {|A~2|} < oo ensures that the correlation function Rzz(7) exists and
is well-defined.

From the perturbation series representation of z given in Theorem 3.9 it follows z(t) =
0C(t) + ¢ (t)n + 2¢(t)n* + o(n?) uniformly for all ¢t € R and

R;z:(17) = ROCOC(T) + (RICOC(T) + ROClC(T)) n
+ (RQCOC(T) + R1C1C(T) + ROCQC(T)) 772 + 0(7’]2) (318)

uniformly for all 7 € R. Recalling representations (3.11) for °¢, !¢ and 2¢, i.e.,
0c(t) = / A F(t— u) du,
0
Kt = / e O¢(t —u)du and

0

2Kt = / et Yt —u)du = / / eAu € A O OC(t — uy — ug) duydus,
o Jo

0

and using the independence of C and f, E{C} = 0 and E {?(t)} = 0 it follows

E{%t)} = /OooeK“E{f(t—u)} du =0,
E{¢c@t)} = /Oooef*uE{C}E{Oc(t—u)}du:o and

E{%(t)} = /OOO /00063“1E{cef§“20} E{°C(t — uy — up)} duyduy = 0.
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Then for the correlation functions involved in (3.18) in the coefficient of 1 it can be
derived

Ricoc(r) = E{¢O)¢C(t+7)} = E{ /000 e 0C(t —u)du OC*(t—l—T)}
= /000 e‘&“E{C} E{%t—-u) % (t+7)} du=0

and analogously Ro¢i¢(7) = 0 while for the correlation functions involved in the coeffi-
cient of n? it holds

Rococ(r) = E{2¢(6)°C*(t+7)}
= E o0 OOAMC .K.'UJQCO _ B dund 0 o
{/0 /0 e e C(t —ur — ug) dusdus C(t+T)}
= / / egulE{Cex&uz C} E{OC(t_ul_'LQ) Oc*<t+7_>} duydus
0 0
— /00 /O" efﬁmE{C oAu: C} ROCOC(T+U1 + up) duydus
0 0

and

Rigie(r) =E {1(’(25)1(*(15 + T)}

- E{/Oooe;‘“COC(t—u)du (/Oooe‘&“COC(tvLT—u)du)*}

= / / e&“E{COC(t—ul)OC*(t+T—u2)C*}eg*“2 duydus.
o Jo

Since for t1,t5 € R

E{C%(t)) "¢"(t2) C'} = EE{C°(t)°¢*(t:) C*|C}

E {CE {°¢(t1) °%¢*(t2)|C} C*}
E {CE {°¢C(t:) °¢"(t2)} C*}
= E{CRuogo¢(t2 —t1) C*}

it follows

R1Cl<‘(7_) = /0 /0 ef&ul E {C ROCOC(T + up — UQ)C*} e‘&*“Q duldu2.

Remark 3.11 If the distribution of the random matrix C is symmetric w.r.t. 0 then it
can be shown, that there vanish all terms of the expansion for the correlation function
corresponding to odd powers of 7). In this case the remainder term in the above theorem
is of order o(n?) instead of o(n?).
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The above theorem allows an approximate computation of the correlation function of
z in terms of the second-order moments of the random matrix C and the correlation
function of °¢ which is the stationary solution of the linear system 0¢ = A%¢ +f. Here,
the system matrix A is non-random and standard procedures for the computation of the
correlation function of °¢ can be applied.

The correlation function of °¢ coincides with the correlation function of the stationary
solution y of system (3.4) since the excitation terms differ only by the constant vector f.

4 Computation of expansion terms

This section deals with procedures for an efficient computation of the expansion terms
for the mean and the correlation function of the stationary solution z. Based on the
decomposition z(t,w) = z + z(t,w) Theorem 3.2 shows that Ez(t) = Ez and R,,(7) =
cov(z,z) + Rzz(7). For the moments on the right hand sides Theorems 3.4 and 3.10
provide the leading and the first non-zero correction terms of expansions in powers of 7
where the representation A(w) = A + nC(w) has been used.

While the correction terms of the expansions for Ez and cov(z, z) allow a straightforward
computation as linear combinations of the covariances of the entries of C the situation
in the case of Rz7(7) is more complicated. Here, the computation of the correction term

requires the evaluation of double integrals containing the covariances of C, the correlation

function of f and matrix exponentials of the form eAu,

A numerically efficient computation of these double integrals is possible for the special
case of a diagonal matrix A, ic, A = A = diag(Ay, ..., A,), then it holds eAu =
diag(eM®, ... eM). In the general case Eq. (1.1) can be transformed into a system with

a diagonal matrix provided A is diagonalizable. Using the substitution z = Vz' where
V is such that A = VAV~! from Eq. (1.1) it follows that z’ satisfies

7 = V' A+nC)VZ +V'f
= (A+nCHz +f, (4.1)

where C' = V7ICV and f’ = V7'f. The moments of C’' and f’ are obtained from the
corresponding moments of C and f, it holds

Ef = V!Ef,
Rf/f/(T) = VilRﬁ'(T)V*_l,
EC' = 0 and
E{C/(C)} = VE{CVV'C}V*'
while the moments of z can be found from the moments of z’ by
Ez=V Ez and R, (7)=V R, (1) V*.

Therefore the subsequent computation of expansion terms can be restricted to the case
of a diagonal matrix A.
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Corollary 4.1
Let the assumptions of Theorem 2.2 applied to Eq. (4.1)

z=(A+nC)z+f,

be fulfilled. Then for n < min{ng, Ny} there hold the following expansions for n | 0

Ez = Ez= (I + {)\i z”: )\ikE {CiCrj} }ij UQ)X + 0(”72)
b k=1

1

and cov(z,z) = {)\)\

Z E {CyCji} l’sz}U n* + (i),

J k=1

where x = —A~ T,

Proof.
Applying Theorem 3.4 to Eq. (4.1) it follows

Ez=Ez = (I+A'E{CA'C}n*)x+o0(n?
and  cov(z,2) = ATE{Cxx*C*} A" 7+ o(n?),

from which the assertions follow immediately. 0

For the correlation function of z Theorem 3.10 gives for n < ng and 7 € R the expansion
forn | 0

Rzz(17) = Rocoe(T) + (Ragog(T) + Ragig (1) + Rogze (7))0* + o(n?),

where  Ragog(7) = //eAulE {Cer2C} Rogog (T + ur + ug) duydus,
0 0

RICIC(T) = //eAulE {C ROCOC(T + Uy — us) C*} A2 duy dusg
0 0

and  Roga¢(T) = Rigoe(—7).

For the explicit computation of the expansion terms it is necessary to prescribe a certain
form of the correlation function R, ¢o C(T) Here it is assumed that it holds

m ' Q, e forT>0
Ruoc ™ =Y (1) with p, ()= (4.2)
r=1 e IrmQr for 7 <0
where m € N and for r = 1,...,m the Q, are some non-negative definite and Hermitian

n x n-matrices and I1, = diag(m,1, ..., m,) with Re[r,.] < 0.
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This type of correlation function arises e.g. if the correlation function of f is chosen to
be Ry3(7) = Lel™, 7 > 0, where L is some non-negative definite and Hermitian matrix
and I' = diag(v1,...,7v,) with Re[v;] < 0,i=1...,n. Then for 7 > 0 it can be derived

R0C0C<T) = QIQA*T + QQerTa

with some matrices Q; and Qs depending on L, A and I" whose sum Q; + Q- forms the
covariance matrix of °C.

It is noticed that for a d-correlated excitation f with the correlation function R (1) =
L §(7) one obtains for 7 > 0

Rococ(r) = QeN” with Q:{ fLij }J .

and for a weakly correlated excitation the above exponential type correlation function
arises in the terms of the expansion of Rogo¢(7) in powers of the correlation length (see

[17] and |7, §]).

The subsequent evaluations of the entries of the matrix-valued functions Ragoe (7 ),
Ri¢ie(7) and Rogz¢(7) are given for 7 > 0. For negative 7 the property RS £, ( ) =

R22£1.(—T> can be used.
It holds for ¢,7 =1,...,n

n

Rococ (1) = //ZeAiul{E {CerC} I Zp»pl]’(T + Uy + s, ) duydus
0 0 =1 r=1

n

= / / Z 6/\iu1 Z E {C’ZkC'kl} 6)\ku2 Z prlj<7' + up + UQ) duldu2
=1 k=1 r=1

0 0
m n

— Z Z E {CitCui} J1rijia(T),

r=1 k=1

where Jy (7)) = //eA”“J”\’““2 1 (T 4w + ug) duydug,

ROC’i2Cj <T> = RZCJOCZ Z Z E {C kckl} Jl r]zkl

r=1 k,l=1
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E {C Z P, (T 4+ up — UQ)C*}
r=1

oo o0
and Rigic, (1) = //ekiu1
00

ij

I
0\8

k=1 r=1

n

E{CixCi1} Jopijua(T),

I
NE

1 kil=1

where  Jo (7)) =

0\8 ﬁ

S
/ez\iu1+/\ju2 Prk:l(T + up — UQ) duldu2-
0

N2 duy dusy

/ez\ﬂu Z E {Cikéjl} Z Pria(T + Uy — ug) exquduldUQ
0

Using that the entries of p,.(7) = {pyi;(7) }ij=1,..n given in (4.2) can be represented as

Qrij €7 for 7 >0
prij(T) =9 _ :
Qi e ™" for T <0

the terms J; and J; can be computed explicitly. First, J; is evaluated, it holds

Ji i (T) = //6&“1“’““2 Prij (T + uq + ug) dugdug
00

oo oo
erj//eAiu1+>\ku2+7rrj(T+u1+u2) duydus
0 O

[e.e] o0

— erj eﬂro/e()\H-er)ul dul/e(Ak+7Trj)U2 du27
0

0
o erj TrsT
R s s v R

(4.3)

Here, the stability of A, i.e., Re[\] < 0, Re[rri;] < 0 for all r,i and the property

T+ up +ug > 0 for 7 > 0 has been used.

Next, Jy,ij0(—7) is evaluated. In this case it is necessary to split the integral according
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to the sign of the argument of p. The substitution v = u; and w = —7 + u; + us leads to

S i (—T) = /

0 v—r1

[e.9]

6)\iU+>\k(T+W—U) prlj(w) dw dv

o0

— e/\”/e(’\i_’\’f)” / e v prij(w) dw dv

0 v—T

= €AkT<[17rijkl(T + IQ,rijkl(T) + [3’Tijkl(7-))

~—

T

where ]1,7’ijkrl(7_) = / e()‘i—/\k)v

0 v
T

Ly yiji(T) = /e(Ai_k’“)v/eA’“w prij(w) dw dv

Apw

e ppj(w) dw dv

84\0

I3 pijia(T) = /e(AiAk)”/e’\’“w prij(w) dw dv.

For I, it follows by using the substitution w’ = —w and p.;(—w) = prju(w) = Q,; ™"

0 0

T T—0

— @rjl/e()‘i_)\k)v/e(WTl_Ak)w/ dw' dv

0 0

T

= @Tﬂ/e(’\i_’\’“)”G(T—v,ﬁﬂ,)\k)dv

0

/ 1 (gla=p)s _
with G(s,a,() = /e(a_ﬁ)” dv = -8 (e 1) fora#p (4.4)
for a = .

w0

0

For A\, # 7,; then it holds

I pija(T) = ﬁlQ:ﬂAk /e(AiAk)v(e(MAk)(Tv) —1)dv
0

T T

— _Cg—rjl[e(ﬂ'rl_Ak)T/e(Ai_ﬂ'rl)U dv — /eo\i_)\k)'u dv]
Tl — Ak

0 0

= _Q—ﬂ (T2 G (7, N, ) — G, My M) ]
el — Mk
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In case of A\, =7,y it follows Iy 5 (7) = @,,jl i eV (7 — ) d.

0
If moreover A\, = A; then it holds [y ;1 (7) = ml f = @ml 5 while for Ay # A;
it follows
L i (1) = @rjl [)\i i " (6()"'_/\’“)7 -1) - /6(’\"_>"“)” v dv]
0
ik P

T 1
A=A g ]
. + N, /e v
0

(et _ 1)]

2l T Xi—AR)T
- Qrﬂ[xi—Ak(e( A W T

_ erl |:7_ (e()\,'f)\k)‘r _ 1) _ e()\i*/\k)"' T4+

)\i - >\k /\z - )\k
@rjl
S (G(7, Aiy Ak) — 7).

Summarizing, the integral I; can be represented as

O (MG (7, Ay, ) — G(T A M) for Ay # T

Tri— Ak
Lpigia(7) = § 5254 (G(7, Mi, Ai) = 7) for A =7, A # Ai
Q% for A, =T = A
(4.5)
The integral I, can be evaluated as follows
Iy ijia(T) = /G(Ai’\’“)v/ A g (w) dw do
0 0
(A=A A+ )w - _er'
erg/ 2 /e( T oy dv = m G (7, Nis Ak)
0 0
and for I3 one obtaines
I3 pijia(T) = /6(’\")"“)” / A i (w) dw do
— erj / e()w'*/\k)v / e()\k+ﬂ'rj)w dw dv
_Q i 7 Q l >\k;+7r'f’j) <
=Gy / A e (w-7) gy — =Dty / LT gy
Ak + Trj Ak + T
_ Qle e()\if)\k)ﬂ'.

(A + i) (Ni + 70j)
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Summarizing, the integral J ;1 (—7) is given by

S il (—T) = eAkT(]l,rijkl(T) + Lo it (7) + I3 i (7))

Ner (1 Quy (T G(T. A\ 4
= kT .. r — .
e ( l,rz]kl(T) + )\k T s ()\Z T T (T, iy k))), ( 6)

where [; is defined in (4.5) and G in (4.4).
Finally, J5 i (7) is evaluated, it holds

[ ol e]
_ Nl +Nu
Jorigra(T) = //6 A (T 4wy — ug) dugdus.
0 0

As in the case of the evaluation of .J; for negative 7 it is necessary to split the integral
according to the sign of the argument of p. The substitution v = u; and w = 74+ u; — us
leads to

o0 V+T

J2:7“iﬂ€l(7—) = //ez\er)\j(TJrvw) kal(w) dw dv
0 —oo

v+T
— e)\jT/e(Ai'f')‘j)v / e_xjw p’r‘kl(w) dw dv
0 —00

= 6Xj7(14,r¢jkl(7) + I5 ijra (7))

00 0

where Iy ,im(7) = /e(’\i+’\j)”/6_)‘jw pria(w) dw dv
0 —00

o] V4T

Is pijia(T) = /e()‘i+’\j)”/e’\jw prit(w) dw dv.

0 0

Using pp(w) = pup(—w) = Q,y e+ for w < 0 it follows

0 0
/6 e prkl(w)dw = @rlk/e_(kj—'—mk)wdw —_Qrik
)\j+7Trk
0o 0
and  Iy,u(T) = /e()"'+’\j)”/e_’\fw pri(w) dw dv
0 —00

_erk —
(N + X)) (T + Aj)
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For the evaluation of Iy the substitution of p,.x(w) = Qp €™ for w > 0 yields

Chs v+T
/ e pra(w)dw = Quu / =AY gy
0 0
_ Qrki Ml_xj (e =2)WH7) — 1) for my # A,
Qrra(v+7) for my = \j.

For m, # Xj then it can be derived

[oe] v+T
Isviji(T) = /G(A#’\j)”/e_Mw prir(w) dw dv
0

0

_ Q’"kl_ [e(ﬂrrxj)f / eQitm)v go /e()\ﬂr)\j)v dv}
Tyl — )‘j
0 0
_ le_ [ 1 . 1 e )\])‘r:|
7Trl_>\j )\2+/\] )\z+7rrl

while for 7,; = A; it holds

Ispijia(T) = Qrkl/e()\i+>\j)v<U+T) dv
0

= Qi /e(’\i“j)” vdy — ——
J JUDY

1 T Qrkl 1
- onl ) - s )
(A + ) Ai + A Ai A NN+ A
Summarizing it follows

Jorijia(T) = erT(Ll,rijkl(T) + Is yijia (7))

AT Qrik
- < b\ 3 +[,ri'kl7') 4.7
et o) (T ) T arlT) (4.7)
. ﬂ-gr_l%j ()\Hl_xj - AH}WM e(ﬁrl—kjﬁ') for Trl # )\J
with I 50 (7) 0 |
r 1 <
Ari*%lj (Ai+Xj o T) for Tl = >\]

Corollary 4.2
Let the assumptions of Theorem 3.10 applied to

z=(A+nC)z+f,
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be fulfilled and R0COC(T) be of the form (4.2). Then the correlation function of the
stationary solution z for n < ng and 7 > 0, 1,5 = 1,...,n, possesses the expansion for

nl0

Rzz (1) = Z [Qm‘j emiT 4 1p? Z (E {CiCri} J1 rijia (T)

r=1 k=1
+E {U]kékl} Jl,rjikl(_T) -+ E {Ozkﬁjl} JZ,rijkl(T)>i| + 0(7]2)7

where J, and Jy are given in (4.3), (4.6) and (4.7).

5 Numerical results

In this section the results of the preceding sections are applied to the special case of a
real and scalar equation (1.1) which arises for n = 1 and real-valued random parameters.
Thus A(w) = a(w) is a real-valued random variable and the excitation f(t,w) is a scalar
real-valued random process. As before the random parameters are decomposed, i.e.,

a(w) =a+ne(w) and f(t,w) = f+ f(t,w),

with Ea =a, Ef(t) = 7, a centered random variable c(w) and a centered process f(t,w).
Then Eq. (1.1) reads as

Htw) = (@ + ne(w)) 2(t,w) + F(t,w). (5.1)

The random variable ¢ is assumed to be a.s. bounded, i.e., |c(w)| < ¢y where for conve-
nience it is set ¢g = 1. The stability condition for A(w) = a(w) = @ + ne(w) is satisfied
for a(w) < 0 a.s., i.e., for n <ng = ;—Oa = —a. In this case Eq. (5.1) possesses the unique
stationary solution

z(t,w) = / e f(t —u,w)du = 2(w) + 2(t,w)
0
with  Z(w) = / e @ Fdy = —a ' (w) 1
0
and Z(t,w) = / e f(t — u,w) du.
0

Due to Theorem 3.2 the mean and the correlation function of z are given by

E{:(t)} = E{Z}=-E{a'}f
and RZZ(T) = DZ/Z\—{-Rgg(T), (52)

where D2 Z = cov(z, 2) denotes the variance of Z.

In the considered special case it is possible to compute these moments explicitly in terms
of the mean and the correlation function of f and the distribution of c. In order to perform
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numerical experiments which compare these exact moments with approximations from
the perturbation approach it is assumed that ¢ is uniformly distributed on [—1, 1], then
a is uniformly distributed on [@ — 7, @ + 1] and we have the following probability density
functions

1 N 4 L
pc(s) — 2 fOI" S & [ 1) 1] and pa(s) _ 2n or s &€ [CL T]’ a —|— 77]
0 else 0 else

Moreover it is assumed that f possesses the exponentially decaying correlation function

Rpp(m) = Rpp(7) = o2l 0 >0, < 2a,

where o denotes the standard deviation of f and v is a parameter describing the decay
of the correlation function of f. It is noted that we impose instead of v < 0 the stronger
condition v < 2a in order to simplify the subsequent calculations. This condition ensures
that v does not coincide with the parameter a € [a—n,a+n| C (2a,0) since n < ng = —a.

First- and second-order moments of Z exist if E{a"?} < oo. This condition is fulfilled
for n < ny = —a = ng since

E{a?} = /a+77 ! Pa(s)ds < /aﬂ;p (s)ds = o
2 o (@+n)?™" (@+mn)*

If @ is uniformly distributed on [a — n,a + 7| for n < 1y it holds

R . N ?i—&-nl f 1
Ez = —E{a_l}f:—f/a_77 gpa(s)ds:—%/gds
a-n
_ Lo amn (5.3)
2n a—+n
. ~2 a+77
9 a+mn 1 f 1
Ez? = f / —pa(s)ds:—/—ds
Gy S 2n J s°
a—n
~2 ~2
B f ( 1 1 >_ f
- 2y \a—-n a+n/  az—n?
N N ~ 1 1 a—n
and D?%Z = Ez?’— (E ( — — In?= > 5.4

For the correlation function of z it holds Rzz(7) = Rzz(—7) and for 7 > 0 it can be
evaluated as follows

Rzx(t) = E{z(D)z(t+7)} =E {/o /o e f(t —w)e™ f(t + 7 — uz) duy du2}
= /00 /oo E {ea(u1+u2)} Rff(T + Uy — u2) duy dus,
0 0
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where the independence of @ and f has been applied. Using the substitution v = u;, w =
T + u; — up and the assumption of an exponential decaying correlation function, i.e.,

Ry (1) = 0?1l it follows

oo V4T
R::(1) = / / E {770} Reo(w) dw du
0 —o0

0o v4T a+n
= / / /pa(x) e (TH20=w) G2l gy duy do
0 —ocoa—n

a+n

= 2 / Pa(2)e®™ J (z)da

a—n
00 0 v+T
where J(z) := /62“ /e_(wx)wdw—i—/ew_m)w dw | dv
0 —00 0
o1 -1 1
= /62” + (6(7_“3)(“”) — 1)} dv
|y+r v—x
0

Hence
a+n

o — 2 # T 1 T
R::(t)=0 /pa(:v) |:];<72_$2)6 72_x26 } dx.

a-n

If additionally a is uniformly distributed on [a — 7, @ + 1] we have

) a+n . a+n 1
o T T
Rzz(1) = % 7/ 2(72 _xz)e dz — / 2 _35267 dz
a—-n a—n
o2
= % [")/Il (T) — €’YT[2] (5 5)
a+n a+n
exT
h I = d d I d
where I1(7) / =) r an 2 / - x
a—n a—n
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The integrand of the integral ;(7) is bounded and continuous in the domain of integra-
tion [a — n,a + 7], since v < 2a and 1 < ng = —a has been supposed. So the integral is
well-defined and can be computed using

Li(r) = H(r,a+n)—H(r,a—n)

z

with the primitive function H(r, z) := [ ﬁ dx. For the evaluation of H (7, z) we use

partial fraction decomposition and obtain

z

Hoo= [ gt = 5[ (1‘ et 2(5617)) o
1

1 1
= ? |:H1(7—a270)_EHl(Tvza_ﬁ)/)_§Hl(Taza+’Y):|

z

where Hi(1,2,b) = /xe+bdx, beR.

For the sake of shorter notation we suppress the integration constants in the subse-
quent evaluation of the indefinite integrals contained in H and H;. For 7 = 0 we have
Hi(7,z,b) = In|z + b| while for 7 > 0 this integral can be expressed in terms of the
so-called exponential integral (see Abramowitz, Stegun [1], p.56)

Ei(z) ::/%du:/%dv for z € R\ {0}.

Thereby for z < 0 the integral is understood as a Cauchy principal value integral.

The substitution v = 7(x + b) yields

7(2+b) 7(2+b)

v—bt v
Hi(r,z,b) = /6 dv=e"" / S

= ¢ "B (-1(2+1))

and we obtain

%(ln]z\—%ln]z—ﬂ—%ln\z—l—”y]), T =

H(r,z) = . . (5.6)
5 (Bi(-m2) = G B = 7)) = FBi(~=7(:4+7))) . 7>0
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For the integral I one gets

a+n ] 1 a+n 1 )

I = /—2 5 dr = — ( + )dx
J -z 2y y+x y—x
a—n a—mn

1
= — [1n|7+x|—1n|7—x|}
2y n

B iln‘VJr(a*”) 7—(5—77)‘

a+n
a—

2y |y—(a+mn) v+ (@—n)
S S ) i
2y (y—n)?—a?

Substituting the representations for /;(7) and I into (5.5) it yields

02 N R elr 7_+772 —*52
Restr) = & ottt +) - H(ra ) - S 2T

where H is given in (5.6).
Lebesgue’s Theorem on dominated convergence ensures that hﬁ)l R::(7) = Rz:(0).
Finally the correlation function of z = 2+ Z can be derived using relation (5.2) which
yields

RZZ(T) = Dz/Z\-i- R'gg(T)
where D?Z is given in (5.4).
After the exact computation of the mean, the variance and the correlation function
of z approximations resulting from the perturbation approach presented in Section 3.2
are derived. For the approximation of EZ and D?Z a Neumann series expansion of
AN w) =a"Y(w) = (@ + ne(w)) ™! has been used. This series is convergent for

-1
= |

n<nny=sup{n>0: n< Hﬁ_lc(w)” a te(w)| ™t = [alle(w)| Tt as.}

Since |c| is assumed to be a.s. bounded by ¢y = 1 it holds ny = |a| = ns = 1.

The expansions of the moments of Z given in Theorem 3.4 applied to the present scalar
case read as

Ec?

Ez:=EzZ = (1+?n2)x+0(n2)
E 2
and D?7 = 5_§x2 n* 4 o(n?)

where © = —

)~y

If additionally c¢ is uniformly distributed on [—1, 1] then Ec? = £ and
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~

1 /
Ez = <1 5~ 2>—A 2
z + ) = +o(n?)
D25 = — 202 4 o(n?)
Ja* '

It can easily be checked that these expansions coincide with the corresponding Taylor
expansions of the exact results given in (5.3) and (5.4) in powers of 7.

For the correlation function Rz 3(7) Theorem 3.10 provides an expansion for n < np = Ug\go

with A\g = —a, vg = 1 and ¢y = 1, i.e.,, np = —a = n, = ny = ny. It can be observed
that in this example all bounds 7. coincide.

In the present scalar case Eqs. (1.1) and (4.1) coincide and for the assumed exponen-
tially decaying correlation of f the correlation function Rococ(7) of the solution of the
unperturbed equation is for 7 > 0

o o Y ar o ™T ToT
R0g0§<7') = m <a\€ — e = q1€ + qoe
2
~ o g
where mMm=0a = 53— =
V2 —a? a

In view of the prescribed form of the correlation function Rococ(7) given in Eq. (4.2) we
can set m =2, Q1 = ¢1, Q2 = ¢q2, II; = m; = @ and II, = my, = . Moreover it is n = 1
and A = @, so we can apply Corollary 4.2 to give an expansion in powers of 7 for the
correlation function Rzz(7). Thereby we suppress the indices i, j, k, [ which in our case
take the value 1, only. It follows for 7 > 0
2
Rex(r) = 3 [e™ + 2B (1, (7) + Jip(—7) + Jap(7)] + o). (5.7)
r=1

For J; (1) Eq. (4.3) gives

q1 G _ a2 T
Jl,l(T) = @6 and J1,2(7'> = me” .
J1,(—7) can be evaluated using Eq. (4.6), it yields
ar (T2 T 1
J _ — ar (T -
w(=7) = @e < > "% 4&2)
2y % 1
J - = - aT—/\ Ty =5 ’YT/\—
12(=7) P (T T a2) TR G
while from Eq. (4.7) it follows for Jy,.(T)
- 1 T
J _ ar [~ '
2(7) = e (2&2 25)
ar i T 1
Joo(T) = e m — qz€” 2
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system a=-1
perturbation ¢ uniformly distributed on [—1, 1]
ne€0,1)

external excitation
mean f=1
standard deviation | o =vf, v >0

correlation function | Ry () = o2e)"!

decay parameter v=-3

Table 5.1: Parameter settings

mean
2 I
— exact
= = approximation
1.5H '+ unperturbed
1
0.5 *
0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n
variance
2 T
15F
1 -
0.5F
O | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.1: Exact (solid) and approximate (dashed) mean and variance of z, v = 1
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Substituting the above terms into (5.7) we get the following expansion for the correlation
function of =

~ 2 1 727 ba* —*
REZ _ ,ar 2E 2 T_ - /Z\ el _ 2 -
(1) =e¢ {Q1+77 ¢ {91(2 =+ = 12— a2 T+a(fy2_a2)

+el™ {CI2 + n*Ec’q

2

_ a 7 ar yT
- 2_2\3¢ ¢
V2 —a? \a

o? [y (T T 1 v 5a? — 2
—~ “or = - = ~5 5 ~9 2 =/ 59  —~o\
s w) e )

+772E02

If ¢ is uniformly distributed on [~1,1] then Ec?> = 1 can be substituted in the above

3
formula.

Table 5.1 shows the parameters for the subsequent numerical experiments. It is noted
that the standard deviation o of the excitation is set proportional to the mean excitation
fiie,o=vf, withv > 0.

It holds ns = ny = v = np = —a = 1, ie., for n € [0,1) we have stability and
convergence of the perturbation series.

Remark 5.1 For an optimal view of the subsequent figures we recommend a colored
hardcopy or the electronic version of this paper which is available at http://archiv.tu-
chemnitz.de/pub/2005/ or http://www.fh-wickau.de/~raw.

Figure 5.1 plots for v = 1 the mean Ez and the variance D2z versus the perturbation
parameter 1. Moreover the corresponding quantities of the unperturbed equation (n = 0)
are drawn. The approximations found from the perturbation approach compare well with
the exact results for n < 0.5. For larger values of 7 the approximations are less accurate
and they are not suited to describe the limiting behaviour for  — ns = 1. Here the mean
as well as the variance of z tends to infinity while approximations grow quadratically
and remain finite.

Figure 5.2 plots for v = 0.5 (left) and v = 2 (right) the exact total variance D?z =
D2Z + D?Z (red, solid) together with the two contributions D2Z (blue, dashed) and D?Z
(cyan, dotted) versus 7. Since z does not depend on f, the variance of Z is not influenced
by v while the variance of Z is proportional to v2. It can be seen, that for small 7 the
contribution of D2Z dominates the contribution of D?Z while for large 1 a reversed
situation can be observed.

This phenomenon is also visualized in the two lower plots which show the relative con-

tribution of the variance of Z to the total variance, i.e., BZ = #2%25. Thereby the

solid line corresponds to the exact values and the dashed line to the approximations.
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v =0.50 v =2.00
25 T
]
2 ]
]
1
15 1
1
7
1 1
4
4
0.5 .,
”’
0 -
1 0 0.2 0.4 0.6 0.8 1
n
1 1
0.8 - 0.8
f"—
0.6 .7 0.6
P4
............... (5 COPTEPTIRTUTUT
0.4 Al 0.4
v,
0.2 0.2 -
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

Figure 5.2: Upper plots: Exact total variance D2z = D22 + D27 (red, solid) and contributions
D2Z (blue, dashed) and D?Z (cyan, dotted),

lower plots: relative contribution 82 , exact (solid), approximation (dashed),

left plots v = 0.5, right plots v = 2

The graphs indicate that the approximations are able to reproduce the correct relative
contribution only for n < 0.3.

The different values of v can be interpreted as small (v = 0.5) and large (v = 2) random
fluctuations f of the external excitation around the mean f While for v = 0.5 the
variance D27 is the dominating term if < 0.4 for v = 2 this is the case even for larger
values of the perturbation parameter up to n ~ 0.85.

Figure 5.3 shows the correlation functions Rzz(7) for various values of 7 and compares
the exact correlation functions with the approximations resulting from the expansions
in powers of the perturbation parameter n and the results for an unperturbed equation
(n = 0). Again a high accuracy of the approximations for n < 0.5 and growing deviations
for larger values of 17 can be observed.

The correlation function of z is the sum of Rzz(7) studied above and D?Z which does
not depend on 7. While Rz(7) tends to zero for 7 — oo we have

R..(T) = Rzz(1) + D?*Z - D?*2 >0 for 7 — oc.
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n =0.30 n =0.50
— exact
0.4 0.4 = = approximation
unperturbed
0.3 0.3
0.2 0.2
0.1 0.1
0 0
0 2 3 0 1 2 3 4 5
T T
n =0.70 n =0.90
0.4 0.4
N
\
0.3 N
\
AN
0.2 N
N
.
~
0.1 S o
~ -~ -
0 ==
0 1 2 3 4 5
T

Figure 5.3: Exact (red, solid) and approximate (blue, dashed) correlation functions Rs3(7) for
v = 1 and various values of 7. The cyan dotted lines correspond to the unperturbed case (n = 0)

Figure 5.4 shows normalized correlation functions of z defined by

R..(7) - Rz=(7) + D%z
R..(0) D2z + D22

RN (1) =

for various values of v. So one can compare the influence of the variances of the external

excitation f which is given by D2f = v2f2. It holds RN (1) — 52asz = 1 — B3% for
T — OQ.

The plot indicates that for small v, i.e., for small fluctuations of the external excitation
around its mean f the normalized correlation function of z is only slightly decreasing,
remains positive and tends for 7 — oo to a larger limit than in case of larger values of
v. That means there is a large positive correlation between the values of z(t;) and z(t2)
even for large distances |ty — t1].
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